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 1.  . 
 

1.1.     «  . 
  .   

» 
 
1. 1. 1.    .    

 
 1.    m×n  (m×n) � 

,    ,   m   
n : 

 

m×n =

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

m m mn

a a a

a a a

a a a

. 

 
        , 

, [ ], || ||. 
 2.  ij   ,  ij � 

 , i �   (i = 1,2,�m), j �   (j = 
1,2,�,n).  

 3.   ,    -
 ,     ,    ij = bij 

(i = 1,2,�m;  j = 1,2,�,n).  
        -

    ( . 1.1.1). 
 

  
 

 1.   =

1 4 5

6 12 7

6 2 3

.  , -

    ,  12,  31,  23. 
.   3 3,        

 . 
      : 11 = -1, 22 = 12, 

33=-3. 
     : 31 = 6, 22 = 12, 13 = -5. 
  12 = 4,  31 = 6,  23 = -7   . 
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. 1.1.1 

  n-  -
. 

-   n×n,  
   -

     

  m  n 
(m  n) 

 
 

  
�   ,  -

  ,  -
  , -

 . 
  

(  ) � -
 ,    -

    
. 

  
 (   
) �  , 

     
( )   -

 ,   -
. 

 -
 �   , 

  -
   ij = ji. 

 
 �  , 
  -

  ij= - ij,   -
    

. 

  
-  -

 1×n,  
  
  

  -  
 ,  

   

  -
  

m×1,    
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 2.    , ,  , D, , F   -
, , , , : 

 

 =

4 0 0

0 4 0

0 0 4

,  =

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

,  =

1 4 6

0 1 3

0 0 4

, 

 

D =

1 0 0

0 1 0

0 0 1

, M =

0 5 3

5 0 4

3 4 0

, F =

0 0 0 0

0 0 0 0

0 0 0 0

. 

 
.         

 ,     -  =

1 4 6

0 1 3

0 0 4

, -

  -  =

4 0 0

0 4 0

0 0 4

  D =

1 0 0

0 1 0

0 0 1

,   - 

F=

0 0 0 0

0 0 0 0

0 0 0 0

,   �  D =

1 0 0

0 1 0

0 0 1

,   

 � M =

0 5 3

5 0 4

3 4 0

. 

 
    

 
1.    
 

=

1 4 5

6 1 7

8 2 3

. 

 
 ,   ,  12, 32, 21. 



 6

2.    , ,  , D, M, F  , , 
, , : 

 

 =

1 0 0

0 1 0

0 0 1

,  =

0 0 1 0

0 1 0 0

1 0 0 0

,  =

1 0 0

3 1 0

5 2 4

, 

D =

0 0

0 0

0 0

, M =

1 0 3

0 2 4

3 4 1

, F =

1 1 2 2

0 3 4 1

0 0 2 5

. 

 
1.1.2.    

 
    :  , -

    ,    , 
 . 

 4.   m×n  Bm×n   Cm×n, 
   ij      

A  B: ij = ij + bij, Cm×n = m×n + Bm×n. 
. 1)     . 

2)         
 . 

 5.   m×n     
 Cm×n,      -
      : ij = ij. 

.       -
 .. 

 6.   m×k  Bk×n  -
 Cm×n,    ij     i-
     j-    : m×k + Bk×n = Cm×n.. 

. 1)   A   B   , 
    A      . 

2)         -
 .       .  

 7.      -
 ,     ij = aji,   ij �   , ij � 

  . 
.     -

. 
 8.      ,  

   = . 
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 1.    = 2·  + 5· ,  
 

 =
3 5

4 1
,  =

2 3

1 2
. 

 
 

 

2  = 
6 10

8 2
, 5  = 

10 15

5 10
,  = 2·  + 5·  =

16 25

13 8
. 

 

 2.  2A�3B,  
 

2 1 1 2 1 0
             .

0 1 4 3 2 2
A B  

 
.       2,     3, 

     :  
 

2 1 1 2 1 0 4 2 2 6 3 0
2  3     .

0 1 4 3 2 2 0 2 8 9 6 6
 

 
   

 
10 1 2

2 3 .
9 4 2

A B  

 
 3.      , ,    -

 ,  
 

 =

1 3 1

2 0 4

1 2 3

,  =

2 1 0

1 1 2

3 2 1

. 

 
.  , ·     : 
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 ·  =

1 3 1 2 1 0

2 0 4 1 1 2

1 2 3 3 2 1

 

 

=

1 2 3 1 1 3 1 1 3 1 1 2 1 0 3 2 1 1 8 0 7

2 2 0 1 4 3 2 1 0 1 4 2 2 0 0 2 4 1 16 10 4

1 2 2 1 3 3 1 1 2 1 3 2 1 0 2 2 3 1 13 5 7

. 

 

 ·  =

2 1 0 1 3 1

1 1 2 2 0 4

3 2 1 1 2 3

 

 
2 1 1 2 0 1 2 3 1 0 0 2 2 1 1 4 0 3 4 6 6

1 1 1 2 2 1 1 3 1 0 2 2 1 1 1 4 2 3 1 7 3 .

3 1 2 2 1 1 3 3 2 0 1 2 3 1 2 4 1 3 8 11 14

 
8 0 7

16 10 4

13 5 7

  

4 6 6

1 7 3

8 11 14

 => ·   · . �    -

. 
 4.  ,    , : 

 

 = 

1 2 3

4 5 6

7 8 9

1 1 1

. 

 
.        : 

 

 =

1 4 7 1

2 5 8 1

3 6 9 1

,   11 =  11 = 1, 21 =  12 = 4   . 

 

 5.  3,   =
3 0

1 1
.  
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.    2: 

 

2 = =
3 0 3 0 9 0 0 0 9 0

1 1 1 1 3 1 0 1 2 1
 

 

 3 = 2·  =
9 0 3 0 27 0 0 0 27 0

2 1 1 1 6 1 0 1 7 1
 

 
 6.    f(x)=3x2�3x�2    

 
1 3

.
3 4

 

 
.    A   

f(A) = 3A2� 3A + 2E, 
 

 
 

1 3 1 3 1 3 1 0
( ) 3 3 2

3 4 3 4 3 4 0 1

8 9 3 9 2 0 25 36
        3 .

9 7 9 12 0 2 36 36

f A

. 

 
 7.     2· 2+3 +5· ,   

 =

1 1 2

1 3 1

4 1 1

,   �     3×3. 

 
 

2 = 

1 1 2

1 3 1

4 1 1

·

1 1 2

1 3 1

4 1 1

= 
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=

1 1 8 1 3 2 2 1 2 10 6 5

1 3 4 1 9 1 2 3 1 8 11 6

4 1 4 4 3 1 8 1 1 9 8 10

, 

 

2 2 =2 

10 6 5

8 11 6

9 8 10

=

20 12 10

16 22 12

18 16 20

, 

 

3·  =3·

1 1 2 3 3 6

1 3 1 3 9 3 ,

4 1 1 12 3 3

 

  

5·  =5·

1 0 0

0 1 0

0 0 1

=

5 0 0

0 5 0

0 0 5

, 

 

2· 2 +3·  + 5·  = 

28 15 16

19 36 15

30 19 28

. 

 
    

 
1.  : 
 

 =

7 2 1 5

3 2 4 3

2 1 1 1

,  =

5 4 3 0

2 3 2 1

1 0 2 4

. 

 
  5 +3 - =0. 

 

: 

2 25
10 2

3 3
13 13 22 16

3 3 3 3
5 1

3 1
3 3

. 
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2.  : 
 

 =
1 1 3

2 0 2
,  =

0 1

1 1
,  =

0 1 2 0

1 2 0 0

1 2 1 0

. 

 
       -

 . 
3.     .  , : 

 

)  =

1 0 2

0 1 3

4 0 5

,  =

2 7 1

3 2 4

1 3 5

; 

 

)  =
1 1 0

3 1 5
,  =

0 7

3 4

1 0

; 

 

)  =

3

4

2

,  = (5 -2 3); 

 

)  = (7 -1 4 0) ,  =

1

2

2

1

. 

 

: ) 

4 1 11

0 11 19

13 13 29

; ) 
3 11

2 17
; )

15 6 9

20 8 12

10 4 6

; ) 17 . 

  
4. ,  ( )  = ( ),  
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 =
5 9 7

0 3 2
,  =

5 9

0 3

0 2

,  =
3 4

1 0
. 

 

: 
11 100

5 0
. 

 
5.     .  ( +3· )2,  

 

 =

1 4 7

2 5 8

3 6 9

,  =

2 1 1

1 0 2

4 1 0

. 

 

: 

96 12 2

18 54 8

51 105 111

. 

 
6.    f (A): 
 

) f (x)=x3 - 2x2 + 1, A =

2 1 0

0 2 0

1 1 1

; 

 

) f (x) =x3 - 3x2 + 2, A =

2 1 1

1 2 1

1 1 2

. 

 

: )

1 4 0

0 1 0

1 4 0

, )

18 18 18

18 18 18

18 18 18

. 

 
7.  ,  : 

 
cos sin cos sin 

sin cos sin cos 
. 
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: 
cos( ) sin( )

sin( ) cos( )
. 

 
8.   D =( )  � 2,  

 

 =
3 4 2

1 0 5
;  =

2 0

1 3

0 5

;  =
1 3

0 4
. 

 

: 
9 13

22 9
. 

 
9.   � 3 ,  

 

 =

1 2 3

1 0 2

4 5 3

;  =

1

2

1

;  = (2 0 5). 

 

: 

1 0 10

6 3 15

34 0 82

. 

 
10*.           , 

: 
 

)  =
2 1

1 3
; )  =

3 5

1 2
. 

 

11*.  
1

0

n

. 

 

:
1

0

n n

n

n
. 
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12*. ,          ·   ·  -
,  ·  = · ,           -
. 

13*. ,           , 
   · , :  ) ( + )2  2+2· · + 2;  ) 2- 2  ( + ) · ( - ). 

14*. ,    . 
 

1.1.3.      
 

   
 

 n ×n =

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

n n nn

a a a

a a a

a a a

 

 
     ,   -

 ( )  n-  : 
 

 = det A = |A| 

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

n n nn

a a a

a a a

a a a

, 

 
      . 

 
 

 : 
 

1.       -
 . 

2.      ( )    . 
3.      ( )      

,      . 
4.      ( )   

         ( -
),     . 

5.       ( ),   
 . 
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6.      ( )   , 
   . 

7.     ( ),  -
  ,    . 

8.      ( )  -
     ,      -

,     ( ),  , ,   -
  ( )      ,   

 � . 
9.       -

  :det( ) det detA B A B . 
10.       -

 : 
 

11 12 1

22 2
11 22

...

0 ...
...

... ... ... ...

0 0 ...

n

n
nn

nn

a a a

a a
a a a

a

. 

 
 9. ,     -

 i-    j-  ,    ija , -

 ijM . 

 10.    aij -
 ,     (-1)i+j,  ij: 

 
, 2 ;

( 1)
, 2 1.

iji j
ij ij

ij

M i j k
A M

M i j k
  k N. 

  . (       
( )).       

 ( )    ,   
 

11 12 1

21 22 2
1 11 2 2

1 2

...

...

... ... ... ...

...

n

n
i i i in in

n n nn

a a a

a a a
a A a A a A

a a a

,  (1.1.1) 
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1

det
n

ij ij
j

A a A  ( 1,2,...,i n ). 

 
 : 

1.   :  
 

det A = 11 12

21 22

 = 11 22 21 12a a a a  ;  (1.1.2) 

 
2.   : 
 

detA=
11 12 13

21 22 23

31 32 33

11 22 33 12 23 31 21 32 13a a a a a a a a a  

31 22 13 32 23 11 21 12 33.a a a a a a a a a   (1.1.3) 
        

  ( . 1.1.2) 

 
 

. 1.1.2 
 

3.    (  ):  
)   ; 
)     . 

 
    : 

 
1.   ( ),      -

   (    ,     
( )). 
2.    , « »   

 ( ),  ,    ,    
  ( ),  ,    .  
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   ( )     ( -
). 

3.   ,     -
  ( ).   (n -1) -  . 

4.     ,      -
    . 

 
       

 
1.    ,  « » 

     ,   -
  ,  ,     . 

2.    ,  . 
 
  

 
 1.   

 

) 
1 2

3 4
;   ) 

1 6

7 10
. 

 
.      -

   (1.1.2) 
 

) 
1 2

1 4 3 2 4 6 2
3 4

; ) 
1 6

1 10 ( 7) 6 10 42 32
7 10

. 

 

 2.   

3 4 5

8 7 2

2 1 8

. 

 
.      (  

(1.1.3)): 
 

3 4 5
3 7 8 8( 1)( 5) 4 2( 2) 2 7( 5) 8 4 8 3( 2)( 1)

8 7 2
168 40 16 70 256 6 278 278 0.

2 1 8
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 3.   

2 0 6

4 1 2

3 5 1

  : ) 

  ; )     ( ). 
. 

)    ,   -
:  
 

  

2 0 6

4 1 2

3 5 1

 = �2 1 1 + 0 2 3 + 6 4 ( � 5) � 3 1 6 � ( � 5) 2 (� 2) � 1 4 0 =  

=  � 2 + 0 � 120 � 18 � 20 � 0 =  � 160. 
 

)     (1.1.1),   
   ,       : 

 

11 11 12 12 13 13

1 1 1 2 1 3
11 11 12 12 13 13

2 3 4

2 0 6

4 1 2

3 5 1

( 1) ( 1) ( 1)

1 2 4 2 4 1
2 ( 1) 0 ( 1) 6 ( 1)

5 1 3 1 3 5

2 1 (1 10) 0 6 1 ( 20 3)

22 138 160

a A a A a A

a M a M a M

 

 
    ,    -

,   ,       
. 

 4.   
cos sin

sin cos

x x

x x
. 

 
 

2 2cos sin
cos cos sin sin cos sin cos2

sin cos

x x
x x x x x x x

x x
. 
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 5.  ,     
-    : 
 

) 

2 2 1

2 0 3

2 9 8

;   ) 

2 1 1 0

0 0 2 1

3 2 2 3

3 2 6 1

. 

 
.         , 

    .  
 

1 2 2 2 3 2

2 2 1
2 3 2 1 2 1

) 2 0 3 2( 1) 0( 1) 9( 1)
2 8 2 8 2 3

2 9 8

2(16 6) 0 9( 6 2) 20 42 52.   

 

 
  ,     . 

 
2 1 1 0

2 1 0 2 1 1
0 0 2 1

)   2 3 2 3 3 2 2
3 2 2 3

3 2 1 3 2 6
3 2 6 1

2(4 9 12 3) (24 6 6 6 8 18) 28 28 0.

 

 
  ,     . 

  6.    : )  -
 ; )      

 
1 1 1 1

1 2 3 1

1 4 3 5

1 2 4 4

. 

 
 

)    , « »  -
  ,   11 1,    -
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   ,   ,  
   : 

1 1 1 1

1 2 3 1

1 4 3 5

1 2 4 4

=

1 0 0 0

1 1 2 0

1 3 2 4

1 1 3 3

2

1 2 0

1 ( 1) 3 2 4

1 3 3

 

 
=1 1 (6 8 0 0 12 18) 16  

 
      ,  

         -
. 

)      (    
   ).    -

  ,         
  .  

       (-1)  -
     ,   

 : 
 

1 1 1 1

1 2 3 1

1 4 3 5

1 2 4 4

=

1 0 0 0

1 1 2 0

1 3 2 4

1 1 3 3

. 

 
       

 (-2)       
 

1 0 0 0

1 1 2 0

1 3 2 4

1 1 3 3

=

1 0 0 0

1 1 0 0

1 3 4 4

1 1 1 3

. 

 
       -

        -
 ,     
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1 0 0 0

1 1 0 0

1 3 4 4

1 1 1 3

=

1 0 0 0

1 1 0 0

1 3 4 0

1 1 1 4

1 1 ( 4) 4 16  (   -

  ). 
 

 7.  : 

2 0 1 3 1

1 1 2 2 3

.1 4 0 1 5

2 1 3 1 2

1 2 1 3 1

 

 
.         , -

  1.   ,       -
  :    , -
      ,      -   

(     ).     
         : 

 
2 0 1 3 1 1 1 2 2 3 1 1 2 2 3

1 1 2 2 3 2 0 1 3 1 0 2 5 7 7

.1 4 0 1 5 1 4 0 1 5 0 5 2 1 8

2 1 3 1 2 2 1 3 1 2 0 3 7 5 8

1 2 1 3 1 1 2 1 3 1 0 3 1 5 4

 

 
        . -

 2-  .   ,     , -
,    2-   3-  ,      

 .    , . .  -
   : 

 
1 1 2 2 3 1 1 2 2 3 1 1 2 2 3

0 2 5 7 7 0 1 2 2 1 0 1 2 2 1

.0 5 2 1 8 0 5 2 1 8 0 0 8 11 3

0 3 7 5 8 0 3 7 5 8 0 0 1 11 5

0 3 1 5 4 0 3 1 5 4 0 0 5 11 1

 



 22

 
  3-  ,     , 

        .   
           

     : 
  

1 1 2 2 3 1 1 2 2 3 1 1 2 2 3

0 1 2 2 1 0 1 2 2 1 0 1 2 2 1

.0 0 8 11 3 0 0 1 11 5 0 0 1 11 5

0 0 1 11 5 0 0 8 11 3 0 0 0 99 43

0 0 5 11 1 0 0 5 11 1 0 0 0 66 26

 

 
   .    

 ,  2,        
 .   ,  99  33: 

 
1 1 2 2 3 1 1 2 2 3 1 1 2 2 3

0 1 2 2 1 0 1 2 2 1 0 1 2 2 1

2 2 .0 0 1 11 5 0 0 1 11 5 0 0 1 11 5

0 0 0 99 43 0 0 0 33 13 0 0 0 33 13

0 0 0 66 26 0 0 0 99 43 0 0 0 0 4

 

 
 ,   .    -

 ,     , -
   .  ,  :  

 
�2(�1)(�1) 1 33 4 = �264. 

 
    

 
1.  : 
 

) 
3 2

4 6
; ) 

3 2

4 5
; ) 

1
; ) 

2 3 4

5 2 1

1 2 3

; ) 

2 0 5

1 3 16

0 1 10

;  
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) 

1 1

0 0

0

; ) 

1 2 3 4

0 2 5 9

0 0 3 7

2 4 6 0

; ) 

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

; ) 

7 8 5 5 3

10 11 6 7 5

5 3 6 2 5

6 7 5 4 2

7 10 7 5 0

; 

 

) 

15325 15325 37527

23735 23735 17417

23737 23737 17418

; ) 

5 3 9 5

2 1 0 1

5 3 7 4

3 2 3 2

; ) 

1 1 1 0 1

0 0 1 3 3

1 2 1 1 3

0 1 1 3 1

2 2 2 3 1

;  

 

) 

2 4 1 2

1 2 3 1

2 5 1 4

1 2 0 3

; ) 

2 1 5 1

3 2 1 2

1 2 3 4

1 1 5 1

; ) 

2 1 1 8

1 3 6 9

0 2 2 5

1 4 6 0

. 

 
: ) 26; ) 7; ) 2 ; ) -10; ) 87; ) -2 2; ) 48; ) 160; ) 5;  

 
) -22198; ) 2; ) 1; ) 16; ) 54; ) 27. 

 
2.   ,   : 

 

) 

1 1 17

2 2 15 0

3 3 9

;   ) 

2 2

2 2

2 2

sin cos cos2

sin cos cos2 0

sin cos cos2

; 

 

) 
1 1 1 1

2 2 2 2

3 3 3 3

0 ;  )
1 1 1

2 2 2

1 2 1 2 1 2

0

a

; 

 

)

3 2 1 3 2 7

2 3 2 2 3 2

4 5 3 4 5 11

;  ) 

1 2 3 1 0 0

2 1 5 2 3 1

3 2 7 3 8 2

. 



 24

 
3.  : 

 

) 

1 3

4 5 1 0

2 1 5

;  ) 

3 4

2 1 3 0

10 1 1

. 

 
: )  =-3; ) x1 = -10, x2 = 2. 

 
4.  : 

 

) 

3 2 1

1 2 1

1 2 1

;  ) 

2 2 1

1 1 2 0

5 3

x

x

. 

 

: ) 
7

;
2

x ; ) ( 6; 4)x . 

 
5.* ,  

1 2 1 2

1 11 2 1 2

2 2

1 1

1
2 2

1
1

2 2 2
1

. 

 
6.*   , :  

)   ,  ,   ; 
)   ,  ,    -

; 
)   ,  ,   , 

     ; 
)   «   90°  »; 
)      ,   -
 ,   . 
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1.2.     «  
 .  » 

 
1.2.1.       

 
 1.    ,  

,      . 
 2. ,     

  ,  ,  *: 
 

11 12 13 1

21 22 23 2

1 2 3

...

...
*

... ... ... ... ...

...

n

n

n n n nn

A A A

A A A A
A

A A A A

,  ij= (-1)i+j Mij. 

 
 3. ,    

,  ,  VA : 

11 21 1

12 22 2

13 23 3

1 2

...

...

...( *)

... ... ... ...

...

n

n
V T

n

n n nn

A A A

A A A

A A AA A

A A A

. 

 
 4.    ( )  

 : 
1.     ( ) ; 
2.   ( )    ,     ; 
3.    ( )      

       ( ); 
4.  . 

 5.  ',      -
   ,     

 ,  ' ~   '   .  
 1.   �    (det A  0) ,  -

   A-1 ,     
 

A -1= -1· = .     (1.2.1) 
 

 A-1     A. 
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      -
     . 

 
   : 

 
1.     ,   ,  

 det A  0. 
2.    ij     -

   *. 
3.       -

 VA , (A*)T = V. 
4.      
 

1 1

det
VA A

A
.    (1.2.2) 

 
5.  ,   (1.2.1). 
 

   : 
 

1.   ( | )B A E ,      -
   . 

2.        , 
      ( | )B E C ,   , 

  � . 
3.  C = A-1. 
4.     (1.2.1). 
 

  
 

 1.   . ,     .  
 

1 2 1

3 0 2

4 1 5

A .

 
 

.   1   , : 
)  ; )   (det A  0). 
  : 

) A3 3 - ; 
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) 2 1 2 3

1 2 1
2 1

det 3 0 2 3 ( 1) 1 2 ( 1)
4 5

4 1 5

A  

 
3 ( 1) (10 1) 2 ( 1) ( 1 8) 27 18 9 0      -

. 
 2.  A�1,  

 
1 2 1

3 0 2 .

4 2 5

A  

 
. 1) det A = � 4,   -    3 3 

2)      (     -
 ): 

11

0 2
4,

2 5
A  12

3 4
7,

2 5
A  13

3 4
6,

0 2
A  

 

21

2 2
8,

1 5
A  22

1 4
9,

1 5
A  23

1 4
10,

2 2
A  

 

31

2 0
4,

1 2
A  32

1 3
5,

1 2
A  33

1 3
6.

2 0
A  

 
      : 

 

*= 

4 7 6

8 9 10

4 5 6

 

 

3)    *( )A  = 

4 8 4

7 9 5 .

6 10 6

VA  

4)      (1.2.2): 
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1

4 8 4 1 2 1
1 1

7 9 5 7 / 4 9 / 4 5/ 4 .
det 4

6 10 6 3/ 2 5/ 2 3/ 2

VA A
A

 

 
5)  : A A�1 = A�1 A = E: 
 

A�1 A =

4 8 4 1 2 1 4 0 0 1 0 0
1 1

7 9 5 3 0 2 0 4 0 0 1 0 .
4 4

6 10 6 4 2 5 0 0 4 0 0 1

 

 
,    . 
 3.    

 

.
a b

c d
 

 
.  

 

0
a b

ad bc
c d

 

 
 A11 = d, A12 = � c, A21 = � b, A22 = a,  

 
1

1
.

a b d b

c d c aad bc
 

 
         

. 
 

 4.      -
 (   � ): 

 
1 5 3

2 7 3 .

3 9 4

A  
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.   ,     
   .     -

   : 
 

1 5 3 1 0 0 1 5 3 1 0 0

2 7 3 0 1 0 0 3 3 2 1 0

3 9 4 0 0 1 0 6 5 3 0 1

1 5 3 1 0 0

0 1 1 2 /3 1/3 0

0 6 5 3 0 1

 

 
1 0 2 7 /3 5/3 0 1 0 0 1/3 7 /3 2

0 1 1 2 /3 1/3 0  0 1 0 1/3 5/3 1 .

0 0 1 1 2 1 0 0 1 1 2 1

 

 
, 

1

1/3 7 /3 0

1/3 5/3 1 .

1 2 1

A  

 
 5.    

 
1 4 3 2 1 0

2 5 5 1 3 8
X . 

 
.  : 

 
1 4

2 5
A , 

3 2

5 1
B , 

1 0

3 8
C . 

 
       

 
A +X·B = C, X·B =C - A. 

 
   ,     

,       B-1,  
 

X·B·B-1=(C � A) ·B-1, 
X·E =(C � A)·B-1 , 

 = · -1 ,  X=(C � A)·B-1  -  . 
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 B-1: 
 

1. 
3 2

det 3 10 0
5 1

B ; 

 
 

2. 11= (-1)2 (-1) = -1, 12= (-1)3 ·5 =-5 , 
21= (-1)3 ·(- 2) = 2 , 22= (-1)4 ·3 =3 . 

 
1 5

*
2 3

A . 

 

3. 
1 2

( *)
5 3

T VA A . 

 

4. 1 1 21

5 37
B . 

 
5.  : 

1 0 1 4 1 21

3 8 2 5 5 37
X , 

 
0 4 1 21

1 13 5 37
X , 

 
20 121

64 377
X . 

20 12

7 7
64 37

7 7

X  -  ,   . 

 6.    
 

1 2 3 5
.

3 4 5 9
X  
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.       -
: AX = B.      X=A�1B, . . 

 
1

1 2 3 5
.

3 4 5 9
X  

 

 
1 2

2,
3 4

  
1

1 2 4 21
.

3 4 3 12
  

 
, 

4 2 3 5 2 2 1 11 1
.

3 1 5 9 4 6 2 32 2
X  

 
    

 
1.         ,  

 
4 1

2 5 1

0 1

A . 

 
2.  A-1, : 

 

) 
3 4

5 7
A ; ) 

3 1 5

1 2 4

3 2 1

A ; ) 

0 0 1 1

0 3 1 7

2 7 6 1

1 2 2 1

A ; 

  

) 
2 1

0 3
A ; ) 

3 5 2

1 3 2

6 7 3

A ;   ) 

0 2 1

2 1 2

3 2 1

A . 
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: ) 1

10 9 14
1

13 12 17
3

4 3 5

A ; ) 1

7 3 13 41

13 3 8 161

18 3 3 615

3 3 3 6

A ; 

 

) 1

5 1 4
1

15 3 8
10

25 9 14

A ; ) 1

5 4 3

4 3 2

7 6 4

A . 

 
3.  B = 11·(A-1)T+ AT,  
 

1 2 3

0 1 2

1 0 4

A . 

 
4.   : 

 

) 

1 2 5 1 2 3

1 0 4 0 5 6

2 0 1 1 2 2

; 

 

) 
1 2 2 3 1 4

4 5 7 8 0 2
; 

 

) 

1 2 2 1 3

2 4 4 2 1

1 2 2 1 2

3 6 6 3 1

X . 

 
5.       X -1, Y -1: 

 
1 1

0 1

1 0
2 3

0 1

X Y

X Y

. 
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6*.    

1 1 ... 1 1 2 3 ...

0 1 ... 1 0 1 2 ... 1

... ... ... ... ... ... ... ... ...

0 0 ... 1 0 0 0 ... 1

n

n
. 

 
7*.  , , , D �  . ,  

 
1 1 1 1 1

1 1 1 1

( ) ( )

( ) ( )

A B A B D C C D B A

C D B A C D D C A B
. 

 
1.2.2.       

 
 6.    Am n .   -

         ,  -
 k   k ,     k-  . 

     k-    Am n, 
 Mk . 

 7.     m nA , -
  ,      rang (A) = r (A) = r. 

:  
)        m  n,   

rang (Am n)  min (m, n); 
) r(A) = 0    ,      , 
. .  0; 
)    n-   r (A) = n    ,  

 A � ; 
)   �      -

. 
       : 

 
1=( 11  12  �  1n), e2=( 21  22  �  2n),  � , em=( m1  m2  �  mn). 

 
 8.     ,   

  : e  = es,  akj = asj, j=1,2,�n. 
 9.       1, 

2, �, s ,         -
  : e = 1 1 + 2 2 +�+ s s,    1, 2, �, s � 

 . 
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 10.   1 , 2 , �, m    -
,     1, 2, �, m ,   -

 ,         
0=(0  0 � 0): 1 1 + 2 2 +�+ m m=0. 

 2.       -
  ( ) . 

 3 (   ):     
      ,    

     ( ). 
      -

     . 
 

    : 
 

1.     1-  ,    (    -
    ). 

2.    k-   k  0,     
 k-  ,     (k+1) -  , 

    ( )  k. 
3.    (k+1) �     k+1  0,  -

    (k+2) �     . 
4.    r �  , ,  ,   ,  

  (r+1) �     ,  rang(A) = r. 
 

   : 
 

1.      ,   
   : Am n ~ ' m n: 

 

11 12 13 1 1 1 1

' ' ' ' '
22 23 2 2 1 2

' ' ' '
11 12 13 1 33 3 3 1 3

21 22 23 2

31 32 33 3

1 2 3

... ...

0 ... ...

... 0 0 ... ...

... ... ... ... ... ... ... ... ...

... 0
... ... ... ... ...

...

n

n

n n

n

n

m m m mn

: ' ' '
1

,0 0 ... ...

... ... ... ... ... ... ... ...

0 0 0 ... 0 0 ... 0

... ... ... ... ... ... ... ...

0 0 0 ... 0 0 ... 0

n
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)  ,    ,  ; 
)     (m-p) �    ,    

m = p; 
)     �

11, 
�
22, 

�
33,�.. �

pp   -
.  

2.        , -
  : 

 

= 

11 12 13 1

'
22 23 2

33 3

'

...

0 ' ' ...

0 0 ' ... '

... ... ... ... ...

0 0 0 ...

= ' ' ' '
11 22 33 ...... ppa a a a 0 

 
3. ,       rang(A) = p. 
 

  
 

 1.      : 
 

1 1 1 2

2 2 3 4 .

3 3 4 6

A  

 
.   2-  ,   : 

 

2

1 1
1 0.

2 3
M  

 
 3-  ,  2,  : 

 

3 3

1 1 1 1 1 2

2 2 3 0,       M 2 2 4 0.

3 3 4 3 3 6

M  

 



 36

, rangA=2,   2 �    . 
 2.       -

:  
 

0 1 2 3

2 1 2 1 .

2 0 0 4

A  

 
.      

   (      ,  
      ,   
     ): 

 
0 1 2 3 2 0 0 4 2 0 0 4

2 1 2 1 2 1 2 1 0 1 2 3

2 0 0 4 0 1 2 3 0 1 2 3

: : :  

 
     (      -2  

    ,    -
    ,    -

  -2      ):  
 

2 0 0 4
2 0 0 0 2 0 0 0 1 0

0 1 2 1 .
0 1 2 1 0 1 0 0 0 1

0 0 0 0

: : : :  

 
  ,  rang (A) = 2,       
    . 

           
 ( ) .       -

     . 
 

 3.   

0 1 2 3

2 1 2 1 .

2 0 0 4

A  ,    

  . 
.   
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0 1 2 3

2 1 2 1 .

2 0 0 4

A  

 
   2-   

 

2

0 1
2 0.

2 1
M  

 
   3-  ,   M2: 

 

3 3

0 1 2 0 1 3

2 1 2 0,     2 1 1 0.

2 0 0 2 0 4

M M  

 
,     rangA = 2,   M2  

.  1-   2-  : 
 

1 20 1 2 3 ,          2 1 2 1  

 
 1-   2-  : 

 

1 2

0 1

2 ,          1 .

2 0

b b  

 
 .         -

          -
. , 3-   3 2 0 0 4e     -

     : e3 = e1�e2. 

 .

1 2 3

4 5 6 0.

7 8 9

    

 ,        . 
,     ,  -

: e1�2e2+e3=0. 
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1.     : 
 

)  = 

8 1 7 5 5

2 1 3 1 1

1 1 1 1 1

;  )  = 

1 0 1 1

2 1 3 2

3 1 4 3

4 1 3 4

1 1 2 1

; 

 

)  = 

1 4 2 0

1 8 2 1

2 7 1 4

;  )  =

2 5 6

4 1 5

2 6 1

. 

 
: ) 2; ) 2; ) 3; ) 2. 

 
2.         : 

 

 = 

0 2 0 0

1 0 0 4

0 0 0 3

. 

 
3.          

-    : 
 

)  = 

3 1 2

7 3 5

15 7 11

11 5 8

;  )  = 

1 1 1 5 1

2 0 1 1 2

3 1 2 4 1

; 

 

)  = 

4 1 2 0

1 1 1 1

1 3 2 1

0 4 3 0

;  )  = 

47 67 35 201 155

29 98 23 294 86

16 428 1 1284 52

; 
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)  = 

1 3 7 2 5

1 0 4 8 3

3 6 10 4 7

;   )  = 

1 2 1 4

0 5 1 4

1 3 4 6

. 

 
: ) 2; ) 2; ) 3; ) 2; ) 3. 

 
4.   : 
 

)  =

5

2 10

2 3

;  )  = 

7 12 6

10 19 10

12 24 13

. 

 
: ) r(A) = 0,  = 0; r(A) = 2,   0;  

) r(A) = 1,  =1; r(A) = 3,  1. 

5. ,     = 

1 2 3 1

0 1 1 1

2 1 0 0

3 3 3 1

  . 

 

6.        = 

1 3

0 2 1

1 1

  -

. 
 

7.        
 

 = 

2 0 3 5 1

4 3 1 7 5

0 3 5 3 3

2 3 2 2 4

. 

 
8*.  r �    m n. ,  r  min (m, n). 
9*.     ,      

? 
10*. ,        ,   
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rang(  ) min(rang(A), rang(B)). 
 

11*.   �  ,      ,     
  . ,  rang(  ) = rang( )  rang(  ) = rang( ). 

12*. ,     +  ,  
  

rang( + )  rang(A)+rang(B). 
 
 

1.3.     «    
     

,  ,  . -
     

  » 
 

1.3.1       -
      

 
   m     n -

  : 
 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2 .

... ,

... ,

..............................................

...

n n

n n

m m mn n m

b

b

b

    (1.3.1) 

 
 1. ,     -

,     (1.3.1): 
 

 = 

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

m m mn

. 

 
       ,  -

   : 
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 = 

11 12 1 1

21 22 2 2

1 2

...

...

... ... ... ... ...

...

n

n

m m mn m

b

b

b

 

 
   (1.3.1)      
 : 

 
. = , 

 

  = 

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

m m mn

-    (1.3.1),  =

1

2

n

M
- 

 �  ,  =

1

2

m

b

b

b

M
-  �   

 . 
 2.     -

 (1.3.1)    1, 2, �, n,   -
      . 

 3.     -
 ,  b1=b2=�= bm= 0: 

 

11 1 12 2 1

21 1 22 2 2

1 1 2 2

... 0,

... 0,

..............................................

... 0

n n

n n

m m mn n

    (1.3.2) 

 
 4.    (1.3.2)  -

,  1= 2 = �= n = 0,  ,      
 1, 2, �, n   . 

 5.     -
 ,    ,  ,    

 . 
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  n �   n �  

 
      -

 ,  n �   n � :  
,  . 

 .    n �   
  n �    

 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2 .

... ,

... ,

..............................................,

...

n n

n n

n n nn n n

b

b

b

     (1.3.3) 

 
 6. ,     

  (1.3.3)    , 
 : 

 

=  

11 12 1 1

21 22 2 2

1 2

... ...

... ...

.... .... .... .... .... ....

... ...

i n

i n

n n ni nn

. 

 
  ,     

   (1.3.3). 
 1 (      n×n).  

    (1.3.3)   ,    
,  , .       

 

x1= 1 ,  x2= 2 ,  �,  xi= i ,  � ,  xn= n , (1.3.4) 

 
   i       -

 i-     : 
 



 43

=  

11 12 1 1

21 22 2 2

1 2

... ...

... ...

.... .... .... .... .... ....

... ...

n

n

n n n nn

b

b

b

. 

 
, : 

1.      (1.3.3)   ,     
  (1.3.4)  1, 2,�, i,�, n    ,   -

   ( ). 
2.     (1.3.3)   ,   -

 (1.3.4) 1= 2=�= i=�= n= 0,       
. 

 .   n �  -
   n �   (1.3.3).     

   
 

= ,     (1.3.5) 
 

  = 

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...

n

n

n n nn

-    (1.3.3),  =

1

2

n

M
- 

 �  ,  =

1

2

n

b

b

b

M
-  �   -

. 
         0,    

  -1. 
 

     

1.     , ,    
 . 

2.  ,    . 
3.       
 

 = -1. 
.     (1.3.6). 
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4.  ,      . 
.        -

       -
,           

   . 
 
  
 

 1.       -
: 

 

1 2 3

1 2 3

1 2 3

2 4,

3 5 3 1,

2 7 8.

x x x

x x x

x x

 

 
.    : 

 

 = det A = 

1 2 1

3 5 3

2 7 1

= 5 + 12 + 21 +10 � 21 + 6 = 33  0, 

 
     . 

    ,     -
  ,  

 

1 = 

4 2 1

1 5 3

8 7 1

 = 20 + 48 +7 + 40 � 84 + 2 = 33, 1 = 1 33

33
= 1; 

 

 2 = 

1 4 1

3 1 3

2 8 1

 = � 1 + 24 + 24 � 2 � 24 + 12 = 33, 2 = 2 33

33
= 1; 

 

3 = 

1 2 4

3 5 1

2 7 8

= � 40 + 4 + 84 + 40 � 7 �  48 = 33, 3= 3 33

33
= 1. 
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 ,     

1

1

1

X . 

 
 2.       : 

 

.6753

,3532

,13

zyx

zyx

zy       

 

 
.     

 

.4

753

532

310

 

 
  = 4  0,       -

  ,      -
: 

 

1 2 3

1 1 3 0 1 3 0 1 1

3 3 5 4,      2 3 5 8,      2 3 3 4.

6 5 7 3 6 7 3 5 6

 

 
   (1.3.4) 

31 24 8 4
1,      2,      1.

4 4 4
x y z  

 
: 

.6)1(72513

,3)1(52312

,1)1(321       

 

 

,  

1

2

1

X   . 
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 3.       
 

.4054
,723

yx
yx

 

 
.      

 

= 
3 2 7

.
4 5 40

x

y
 

 
  .  

 

,2354
23   1 5 21

.
4 323

 

 
     (1.3.6),  

 
5 2 7 115 5 5,1 1

      
4 3 40 92 4 4.23 23

x

y
 

 
 2.      

 : 
 

2 1,

3 2 0,

4 2 5 2.

z

z

x y z

 

 
.  

 . = ,   = 

1 2 1

3 0 2

4 2 5

,  = 

x

y

z

,  = 

1

0

2

. 

 
    (det A = � 4 0),   

  ,       3×3 (3 - 
, 3 - ),   .  

      .  
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-1 = 

4 8 4
1

7 9 5
4

6 10 6

. 

 
     (1.3.6) 

 
= -1.  =  

 

=

4 8 4
1

7 9 5
4

6 10 6

.

1

0

2

=

4 1 ( 8) 0 4 2
1

( 7) 1 9 0 ( 5) 2
4

( 6) 1 10 0 ( 6) 2

= 

 

 =

12
1

17
4

18

=

3

17

4
9

2

, 

 

     = -3,  = 
17

4
, z = 

9

2
   .  

   ,  ,  
 x, y, z   : 

 
17 9

-3+2 1;
4 2

9
3 ( 3) 2 0,

2
17 9

4 ( 3) 2 5 2.
4 2

 

 

     = 

3

17

4
9

2

. 
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1.          : 

) 
1 2 3

2 3

1 3

2 0,

3 4 6,

1;

x x x

x x

x x

  ) 

1 2 4

2 3 4

1 4

3 4

2 3 8 0,

4 3 0,

24,

2 1.

x x x

x x x

x x
 

: ) x1 = 1, x2 = � 2, x3 = 0; ) x1 = � 19, x2 = 26, x3 = 11, x4= -5. 
2.   ,   : 
 

) 
1 2

1 2 3

2 3

2 1,

2 2,

2;

x x

x x x

x x

  ) 
1 2 3

1 2 3

2 3

4 2 0,

2 1,

3.

x x x

x x x

x x

 

: ) x1 = x2 = x3 =  � 1; ) x1 = 1, x2 = �1, x3 = 2. 
 

1.3.2.       
    

    
 

 .     -
   (1.3.1): 

1.   ( ) ; 
2.           

   ; 
3.   ,     ; 
4.      ; 
5.        . 

   m �     n � 
  ,     

 ,      
,     .    -

       ( .1.3.1, , , ): 
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) ) ) 
 

. 1.3.1,  , ,  
 

      . 1.3.1, ,     
  .   ,    -
    .     -

 .    ,   
   ,      

. 
      . 1.3.1, ,     

  . 
      . 1.3.1, ,   -

. 
      -

         � 
. 

 2 (  � ).     (1.3.1) -
 ,   ,     -

     ,   rang(A) = rang( ) = r, 
,  r = n �  ,     -

,  r < n,     . 
       . 1.3.1. 
       -

     : 
1.    . 
2.        r(A), r( ): 
)     r(A)  r( ),   ; 
)     r(A) = r( ) =n,  n �  ,  

 ,   ,     -
   ,   . 1.3.1  1.3.2; 

 )     r(A) = r( ) = r,  r < n,   -
,   ,     ,  
. 
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 1.3.1 

 

  
  = , 

 
m � , 
n �  

  
 = 0,  

m � , 
n �  

1. rang(A) rang( )   

    
b1=b2=�= bn= 0, 

      
 

2. 

rang(A) = rang( )    

) r = n 
              

 

  
 

( 1= 2= �= n= 0) 

) r < n   
   

(  ) 
 

   ,  -
 ,       -

 : 
 

' ' ' ' '
11 1 1 1 1 1 1 1

' ' ' ' '
1 1 1 1

... ... ,

...................................................................

... ... .

r r r r n n

r rr r rr r rn n r

x a x a x a x b

x a x a x a x b

              (1.3.7) 

 
    .   , 

 ,       r   
  ,    1,�, r, ,  

r+1,�, n ,   ,   -
,     (1.3.7).    

 : 
 

' ' ' ' '
11 1 1 1 1 1 1 1

' ' ' ' '
1 1 1 1

... ... ,

...................................................................

... ... ,

r r r r n n

r rr r r rr r rn n

x a x b a x a x

x a x b a x a x

 

 
       r+1= 1,..., 

n=cn-r    1( 1,�, n-r),�, r( 1,�, n-r),   
 .   ,  ,  
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( 1,�, n -r) = 

1 1

1

1

( ,..., )

( ,..., )

n r

r n r

n r

x c c

x c c

c

c

M

M

.     (1.3.8) 

 
 7.  (1.3.8),    

    -   n � r  ,  
   (1.3.1). 

 
  
 

 1. ,     
 

1 2 3 4

1 2 3 4

1 2 4

1 2 3 4

4 3 3 4,

3 3 2 1,

3 4,

5 4 2 3.

x x x x

x x x x

x x x

x x x x

 

 
.        

    . 
 

 

=

4 3 3 1 4

3 1 3 2 1

3 1 0 1 0

5 4 2 1 3

 

 
        -

 ,        . 
      3    ,   -

    .        
,     .  
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~

5 0 3 2 4

6 0 3 3 1

0 1 0 0 0

7 0 2 5 3

. 

 
       ,    -

      .   
 

~ 

1 0 0 0 5

6 0 3 3 1

0 1 0 0 0

1 0 1 1 4

. 

 
       , -

 ,    .   ,   
5,   .  

 

%~

1 0 0 0 0

9 0 3 0 44

0 1 0 0 0

0 0 1 0 4

~

1 0 0 0 0

0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

~

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

. 

 
 rang(A)=3, rang( )=4,  rang(A) rang( ),   -

   (   ). 
 

 2.       
       ,   

,   (        -
): 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

2 3 11 5 2

5 2 1

3 3 9 5 2

2 3 2 3

3 4 3

x x x x

x x x x

x x x x

x x x x

x x x x
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.        
   (     , 

      ). 
  , ,       

   ;    , -
       , 

         ; -
   ,     ,  

   . . 
 

2 3 11 5 2

1 1 5 2 1

3 3 9 5 2

2 1 3 2 3

1 1 3 4 3

~

1 1 5 2 1

1 1 3 4 3

2 3 11 5 2

2 1 3 2 3

3 3 9 5 2

~ 

 
 

~

1 1 5 2 1

0 0 2 2 4

0 1 1 1 0

0 1 7 2 5

0 0 6 1 5

~

1 1 5 2 1

0 1 1 1 0

0 0 1 1 2

0 1 7 2 5

0 0 6 1 5

~ 

 

~

1 1 5 2 1

0 1 1 1 0

0 0 1 1 2

0 0 6 1 5

0 0 0 7 7

~

1 1 5 2 1

0 1 1 1 0

0 0 1 1 2

0 0 0 7 7

0 0 0 7 7

~ 

 

~

1 1 5 2 1

0 1 1 1 0

0 0 1 1 2

0 0 0 7 7

0 0 0 0 0

~

1 1 5 2 1

0 1 1 1 0

0 0 1 1 2

0 0 0 1 1

0 0 0 0 0

. 
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    ( ) . , 
rang(A) = rang( ) = 4.    �   . 

   r = 4    n = 4 (r=n),   
.    .   -

 ,  : 
 

1 2 3 4

2 3 4

3 4

4

5 2 1,

0,

2

1

x x x x

x x x

x x

x

 

 
 ,   ,  : 

 
x4 = �1; x3 =2+ x4 =2�1 =1; x2 =�x3 �x4=�1+1=0; 

x1 =1�x2 �5x3�2x4=1�5+2=�2. 
 

,  ,    
 

x1 = �2, x2 =0, x3=1, x4= �1.  

       

2

0
.

1

1

X  

 
 3.      : 

 

1 2 3 4

1 2 4

1 2 3 4

2 1,

       2 1,

5 3 2 5.

x x x

x x x

x x x x

 

 
.       

,     : 
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1 1 1 2 1 1 1 1 2 1

1 1 0 2 1 0 2 1 0 2

1 5 3 2 5 0 4 2 0 4

1 1 1 2 1

0 2 1 0 2  .

0 0 0 0 0

:

 

 
    ( ) . , 

rang(A) = rang( ) = 2.    �   . 
   r = 2    n = 4 (r < n),   -

.  
  ,      -

.  ,      : 
 

1 2 3 4

2 3

2 1,

 2            2.

x x x

x x
 

 
 ,     ,   -

, . .   « ».  « », ,  , 
 ,  x3  x4.  x3 = 1   x4 = 2  

 

1
1 2

1 2 1 2

2 1 1
2

2 ,2 1, 2
  2 2.

1 .
2

xx x

x
x

 

 

     

1
2

1

1

2

2
2

1 .
2

 

 
     , , -

  1  2  ,     
 .    ,   

    . 
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 4.       -
 : 

 

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

3 8 2 0,

2 2 3 7 2 0,

11 12 34 5 0,

5 2 16 3 0.

x x x x x

x x x x x

x x x x x

x x x x x

  

 
.    .   -

  ,     -
: 
 

3 1 8 2 1 0 1 5 2 16 3 0

2 2 3 7 2 0 0 8 7 25 4 0

1 11 12 34 5 0 0 16 14 50 8 0

1 5 2 16 3 0 0 16 14 50 8 0

: :  

 
1 5 2 16 3 0

0 8 7 25 4 0

0 0 0 0 0 0

0 0 0 0 0 0

: . 

 
,  r(A)=r( )=2 < n=4, ,    

.  ,     -
     n�r=5�2=3.   

   1   2,       
 

2

1 5
M 8 0

0 8
. 

 
      -

        ,  

  : 1 2 3 4 5

2 3 4 5

5 2 16 3 0,

8 7 25 4 0.

x x x x x

x x x
 , x3 = 1, x4 = 2, x5 = 

c3,  1 1 2 3
19 3 1

8 2 2
x c , 2 1 2 3

7 25 1

8 8 2
x c . 
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1 2 3

1 2 3

1

2

3

19 3 1

8 2 2
7 25 1

8 8 2

c

c
X

c

c

c

. 

 
    

 
1.       ,   

          -
  ,   - : 

 

) 

1 1 1 2

1 1 2 1

5 5 8 7

A ,  

1

2

3

A A ; 

 

) 

3 1 1

1 5 1

2 4 0

2 1 3

5 0 4

A ,  

6

12

6

3

9

A A . 

 
: ) rang(A)=2, rang( )=3,  ; 

) rang(A)=rang( )=3,  . 
 
2.       - , 

         : 
 

) 
1 2 3

2 3

1 3

2 0,

3 4 6,

1;

x x x

x x

x x

  ) 

1 2 4

2 3 4

1 4

3 4

2 3 8 0,

4 3 0,

24,

2 1.

x x x

x x x

x x
  

 



 58

: ) x1 =1, x2= �2, x3 =0; ) x1= �19, x2=26, x3=11, x4= �5. 
 

3.     : 
 

) 
1 2 3 4

1 2 3 4

1 2 3 4

3 2 0,

3 2 0,

2 5 0;

x x x x

x x x x

x x x x

 ) 
1 2 3 4

1 2 3 4

1 2 3 4

4 2 3 2 3,

2 3 2 3 2,

3 2 3 4 1.

x x x x

x x x x

x x x x

 

 
: ) x1=14c, x2 =21c, x3 =x4 =c; ) x1= �10c+10, x2 =c, x3=15�16c, 

x4=4�5c (  �  ). 
 

4.      ,   , 
 : 

 

1 2 3

1 2 3

1 2 3

1 2 3

2 5 8 8,

4 3 9 9,

2 3 5 7,

8 7 12.

x x x

x x x

x x x

x x x

 

 
: x1= 3, x2= 2, x3= 1. 

 
5.    : 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

2 4 3 0,

3 5 6 4 0,

4 5 2 3 0,

3 8 24 19 0.

x x x x

x x x x

x x x x

x x x x

 

 
: x1= 8c1�7c2, x2= �6c1+5c2, x3 = c1, x4=c2. 

 
6.* ,     
 

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4

0,

0,

0,

0

a x b y c z d

a x b y c z d

a x b y c z d

a x b y c z d

,  

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4

0

a b c d

a b c d

a b c d

a b c d

. 
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7.*           -
: 

 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1,

1,

1,

1.

x x x x

x x x x

x x x x

x x x x

 

 
8.*      ,    -

   . 
:  . 

 
9.*       ,   

          .  
:  . 

10.         -
      ? 

:      1. 
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 2.   
 

2.1.     «  
   .    

  .    
,   » 

 
2.1.1.    .   

  
 

 1.   
( )    

  ( ). ,  
   , ,  -

  ( . 2.1.1).    -
 ,    �  . -
     , b ,� 

 2.   (  -
)           

  . 

 3. ,      , 
 .  

 4. ,       ( -
)      0 .     

    . 
 5.    ,    

   ,  .  
 6.      ,  

     ,  . 
 7.     ,  =b , 

  :    ;  -
      ( );  -
. 

 8.  ,   �  
,   ,    ,   

,     . 
 9. ,    ,  

   .  
 10.    ,    

. 

A 

B 

a  

. 2.1.1
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 11.      l   
1 ,        ( . 2.1.2). 

 12.  l �  ,  AB  ,  
  .       , 

    1 1A B  ( . 2.1.2). 

 
,  1   1,  1 �  2. -

 2 1x x         AB   

 l    AB    . 
 

    
 

         
 ,    ,  

.2.1.1. 
 
  

 
 1.      b     -

 : ) +3b ; ) 
1

2
- 2b . 

.    a   b    
( . 2.1.3): 

 

b  

a  

. 2.1.3

l  M1 
O A1 B1 

B 

A 

M 

. 2.1.2 
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     +3b ( . 2.1.4): 
 

 
        

. 2.1.1   2 ( .2.1.5)       
1

2
- 2b :

1

2
 

 2.  AB a   AD b   
 .   a ,b  

 AC   BD ,    . 
.     -

 ( . 2.1.6). 
 

 
     ,  

 
AC AB AD a b . 

 
  , ,  BD AB AD a b . 

,     , -
   : 

 
AC a b ; 
BD a b . 

 

3b  

3a b  

a  

. 2.1.4

2b  

1

2
a  

1
2

2
a b  

. 2.1.5

b  

a  

 

 

 

D 

. 2.1.6 
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 2.1.1 

   
   

(      -

 = ( 1; y1 ; z1)  = ( 2; y2 ; z2) ) 

1. 

 . 
)  : 

 

 
)  : 

 

 
 

a +b= ( 1+ 2; y1 +y2 ; z1+z2) 

2. 

 . 
 

 

� b = ( 1� 2; y1 � y2 ; z1� z2) 

3. 

   -
  . 

 
 

 

b = = ( 1;  y1 ;  z1) 

 
 3.   a = (4; 0; 6)  b= (-1; 2; 0).  -

 : 3 a -
1

2
b; a +3b . 

a  

a b  
b  

a  

a b  

b  

a b  

b  a  

( 0)

a  

( 0)

a  

a  
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.1) 3a -
1

2
b=3 (4; 0; 6) � 

1

2
(-1; 2; 0) = (12; 0; 18) � (-

1

2
; 1; 0) =  

= (12 +
1

2
; 0 � 1; 18 � 0) = (12, 5; -1; 18); 

 
2) a +3b= (4; 0; 6) + 3 (-1; 2; 0) = (4; 0; 6) + (-3; 6; 0) = (4-3; 0+6; 6+0) = 

= (1; 6; 6). 
 

    
 

1.      b     -

: )2  +b ; ) - 3b ; ) 
1

3
+ 

1

2
b ; )-3  � 

1

2
b . 

2.  AB c , BC a , CA b    
ABC.   a ,b ,c   AM , BN , CP   -

  ABC.  
 

:  AM =
1

2
a +c   AM =

1

2
(c �b ), BN = a +

1

2
b    

 

BN =
1

2
( a �c ), CP = b+

1

2
c   CP =

1

2
(b�a ). 

 
3.   a = (3; -2; 6)  b= (-2; 1; 0).   :  

2a -
1

3
b; 

1

3
a -b ; 2a +3b . 

: (20/3; -13/3; 12), (3; -5/3; 2), (0; -1; 12). 
 
2.1.2.     .  -

 .     
 

 13.   1 2, , ..., na a a    

,    1, 2, ..., n,    ,  -
    
 

1 1 2 2 ... 0n na a a . (2.1.1) 
 

 14.   1 2, , ..., na a a    

,   (2.1.1)     1= 2 =...= n =0. 
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 15.   2 2 3 3 ... n nk a k a k a   -

   2 3, , ..., na a a   2 3, , ..., nk k k . 

: 1)    1 2, , ..., na a a   ,  
            

 ; 2)        -
      ,     

 . 
 1.  1e   2e �     R2.  

  x   R2    ,   
 x   1e , 2e    . 

 2.  1e , 2e   3e  �      

R3.    x   R3      
 . 

: 1) -      -
-   ,        
        . 

2)        ,   
   �   . 

 16.      -
   ,    . 

 17.   ,   -
 ,    . 

         1e , 

2e 1 2 3, ,e e e ,    x   ( )   -

   : 1 1 2 2x e e  1 1 2 2 3 3x e e e ,   

  .  1 2, , 1 2 3, ,    

 x    1e , 2e  1 2 3, ,e e e .  1 1 2 2 3 3x e e e  

1 2 3; ;x  ,   x    1 2 3, , . 

  .   1 2 3; ;a a a a    

1 2 3; ;b b b b      ,    

 : 
 

31 2

1 2 3

.
aa a

b b b
    (2.1.2) 
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 18.   �  ,  
  ( )    ( -

) .        -
: 

1
= i , 2 = j , 3 = k . 

 19.     -
     .   � ,  -

   . ,     
     . ,   

     ,   -
.        -
, , ,   . 

 20. -   M    -
   .     -

  -    (x; y; z). 
       

   x, y, z: 
 

=(x; y; z)  xi + y j  + z k  (  R3)  =(x; y)  xi + y j (  R2). 
 

       -
       ,  -
,      ( 1, 1, z1), ( 2, 2, z2): 

 
= ( 2 - 1; 2 - 1; z2 - z1).   (2.1.3) 

 
        

 
2 2 2 .x y z    (2.1.4) 

 
        -

,        .    
  (     ) 

    : 
 

s ,
x

 s ,
y

 c s ,
z

   (2.1.5) 
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 , ,  �        i , j , k  -
. ,       

 : 0 = (cos , cos , cos ).   
 

2 2 2c s c s c s 1.   (2.1.6) 
 
  
 

 1.   =(2;-1;-2).      -
 0    . 

.   (2.1.4)     
 

2 2 22 ( 1) ( 2) 3a , 

 
   (2.1.5) �   : 

 

cos =
2

3
, cos =

1

3
, cos =

2

3
, 0 =

2 1 2
; ;

3 3 3
. 

 
 2.    A(3; -4; 7), B(5; -6; 8).   

     E �   AB. 
.   (2.1.3)     

 
5 3 2, 6 ( 4) 2, 8 7 1z 2; 2;1 . 

  
        -

  : 
5 3

4
2

x , 
6 ( 4)

5
2

y , 
8 7

7,5
2

z ,  

  4; 5;7,5E . 

 3.    5; 6; 8A , (8;10; 3)B , 1; 2; 4C , 

7; 6;14D . ,      D ? 

.      
 

=(8-5; 10-6; -3-(-8))=(3; 4; 5), D =(7-1; 6-(-2); 14-4)=(6; 8; 10) 
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  D =2 ,      :  
 

6 8 10

3 4 5
= 2. 

 
,    D  . 

 4.  a =(8; 2; 3), b=(4;6;10), c =(3;-2;1)   
 .    d =(12; -9; 11)   

. 
.    a =(8; 2; 3), b=(4;6;10), c =(3;-2;1)  

  ,   d      -
   1 2 3d x a x b x c  .     -

:  
 

1 2 3

1 2 3

1 2 3

2 12,

2 9,

3 11,

x x x

x x x

x x x

 

 
      .   -

          -
,  1 2 32, 3, 4x x x . , 2 3 4d a b c ,  d    
   1 2 32, 3, 4x x x . 

 
    

 
1.    ,   : 
a =(3; -5; 8)  b=(-1; 1; -4). 
 

: 6a b , 14a b . 

 
2.  AB = (2; 6; -4)  AC = (4; 2; -2)    
ABC.    CD ,   ,   

 . 
 

: CD  = 10 . 
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3.  a ,       -
      =60, =120.     

a =2. 

: a = (1; -1; 2)  a = (1; -1; -2). 
4.       a =(1; 1; 2), 1e =(2; 2; -

1), 2e =(0; 4; 8), 3e =(-1; -1; 3).    1e , 2e , 3e   -

,       a  
: a =(1; 0; 1). 

 
2.2.      

«   ,   
 .    

  ,   
   » 

 
2.2.1   .   

  
 

 1.    a   b  -
 ,       -

     ( . 2.2.1): 
 

cosa b a b . (2.2.1) 

 

     a b   ,a b . 

 
  : 

 
1.a b b a  ( ); 

2. ( ) ( )a b a b a b  ( ); 

3. a b c a c b c  ( );. 

4.
2

a a a . 

     ,  
    : 

 

1 2 1 2 1 2a b x x y y z z . (2.2.2) 
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      -
 ( ) : 

 
0a b a b . (2.2.3) 

 
   .  -

  a    b .         
( .2.2.1).  
 

 
      -

     ( . 2.2.1) 
 

m=
b

a b
a

b
. (2.2.4) 

 
         

 

cos
a b

a b
. (2.2.5) 

 
      , 

   F ,    ,  
 S     ,   :  

W A F S .     (2.2.6) 
 

  
 

 1.     a   b ,  

4 , 5 ,  
3

4
. 

mb  

a  

O  

. 2.2.1 
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.  
  (2.2.1)    , 

 
3 2

cos 4 5 s 20 10 2
4 2

a b a b . 

 2.      4a b   

6a b ,  3, 4a b       
2

. 

.       
    ,  

 

2 22 2

4 6 6 4 4 6

6 4 24 6 4 24

a b a b a a a b b a b b

a a b b a b a a b a b b
 

2 2 2 22 24 3 2 3 4 cos 24 4
2

9 0 384 375.

a a b b
 

 
 3.   ( 2; 7;1)a , (4; 1; 8)b .  5 4a b .   
.       

 (2.2.2)    2  :  
5 4 20 20(( 2) 4 7 ( 1) 1 8) 20 ( 8 7 8)a b a b 20 ( 7) 140 . 

 4.    a =(8; -7; -2), b=(7;-11;8).   -
 . 

.   (2.2.5) cos
a b

a b
  

 

cos  =
2 2 2 2 2 2

8 7 ( 7)( 11) ( 2) 8 117 2

2117 28 ( 7) ( 2) 7 ( 11) 8
,   = 45 . 

 
 5. ,   a =(2; -4; 6), b  = (3; 3; 1) -

. 
.     (2.2.3)  -

 a b=2 3 ( 4) 3 6 1 0 .     ,  -

 a   b  . 
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 6.    F   1F =(3; -4; 5), 

2F =(2; 1; -4), 3F =(-1; 6; 2),    ,   
       1(4; 2; -3)   

2(7; 4; 1). 
.   F = 1F + 2F + 3F =(4; 3; 3), 1 2 (3;2;4)s ,   

 (2.2.6)  4 3 3 2 3 4 30A F s . 
 

    
 

1.  a   b    =
2

3
,  3a , 4b . : 

a a ; b b ; ( ) ( )a b a b ; ( ) ( )a b a b ; (3a - 2b ) ( a + 2b ). 
: 9, 16, 13, 37,-61. 

2.   a =(4; -2: -4)  b=(6; -3; 2). : a a ; b b ; 
( ) ( )a b a b ; ( ) ( )a b a b ; (3a - 2b ) ( a + 2b ). 

: 22, 36, 49, 129, 41, -2, 1. 
3.    ABC: (-4; -2; 4), (-4; -2; 0), (3; -2; 1). -

     . 

: 
3

4
. 

4.    ABCD,   AD   BC  
  4  2,     D  45. 

  AD , AB , BC , AC    l,  -
 CD . 

: 22; -2; 2; 0. 
5.   : (1; -2; 2), (1; 4; 0), (-4; 1; 1),  
D(-5;-5;3).      . 

: =90o. 

6.      a = i -3 j + 2 k   b= i +2 j - k   
. 

: = � 6. 
7.    b    a = (2; 1; -1),  -

 3a b . 

: b=(1; 
1

2
; 

1

2
). 
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8.    F =(5; 4; 3)      
s =(2; 1; -2)   .     F      -

   . 
:  = 8 , cos 0,38, 1,18   6740. 

9.    F , F =15 H,    ,  

   4    
3

    . 

: 30 . 
 

2.2.2.   .   
  

 
 2.     , -

 ,      ,  � ,  � 
.  

 3.    ,   , 
   ,     

  :   �   ,  � 
 ,  �  .  

 4.    a    b  -
  c ,  : 

 

1. sinc b ;          (2.2.7) 

2. c a , c b ;  

3.    a , b , c -  ( .2.2.2). 
 

   a b   ,a b . 

 

a  

b  
c  

c  

b  

a  

. 2.2.2
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  : 

 
1. a b b a ( ); 

2. a b a b a b ; 

3. a b c a b a c ; 

4. 0a a . 
 

   : 
 

      -
,     a   b    : 

-sinc a b a b S  (2.2.8) 

. -
1 1 1

sin
2 2 2

c a b a b S  (2.2.9) 

 
   a   b      -

 : =(x1, y1, z1), b=(x2, y2, z2),    
  : 

 

1 1 1

2 2 2

i j k

a b x y z

x y z

 (2.2.10) 

 
      -

      : 
 

a ||b   a b= 0.    (2.2.11) 
 

    
 F  � ,    ,   ( )Am F    

       AM   F , 
. .  

( )Am F AM F .   (2.2.12) 
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 1.    |(3 a +b ) ( a  � 4b )|,  

|a |=5, |b |=2   = a ^b=
6

. 

.  ,    -
 : 

 
(3a +b ) ( a  � 4b ) = 3 a a +b a  � 12a b  � 4b b= 

= 0 � a b  � 12 a b+0 = � 15 a b . 
 

   (2.2.7)    -
 : 

 
|(2a +b ) (a +2b ) | = |� 15 a b | =15|a ||b |sin   = 15 5 2 sin 30o = 75. 

 
 2.    a =(5; 3; -4), b=(6; 7; -8).  -

   ,a b   ,     -

. 
 

   (2.2.10) 1 1 1

2 2 2

i j k

a b x y z

x y z

  

 

a b = ,a b 5 3 4

6 7 8

i j k
3 4 5 4 5 3

4 16 17
7 8 6 8 6 7

i j k i j k . 

 

  ,a b (4; 16; 17) 0     

  (2.2.11) 
 

 3.     
 A(1; 1; 3), B(3;1;6), C(5;1;-3) ( . 2.2.3). -

  . 
. A 

C 

B 

. 2.2.3 
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   = ( 2 � 1; 2 � 1; z2� z1)   
     AC :  =(2; 0; 3), AC = (4; 0; -6).    

 
0 3 2 3 2 0

, , , 0;24;0
0 6 4 6 4 0

AB AC , 

 

,   (2.2.9): -
1 1 1

sin
2 2 2

c a b a b S , 

  
 

2 2 2 21 1 1 1
, 0 24 0 24 24 12.

2 2 2 2
S AB AC  

 
 4.         

F =(3; 2; 1),    (-1; 2; 4)    
. 

.     (2.2.12),  
 

( ) 1 2 4 ( 6; 13; 8)

3 2 1
O

i j k

m F OA F . 

 
    

 

1.  a  b     = 3, b  = 4.  a b ; 

( ) ( )a b a b ; (3 ) ( 2 )a b a b . 

: 12; 24; 60. 
2.   a =(3; -1; -2), b=(1; 2; -1).   : a b ; 
(2 )a b b ; (2 ) (2 )a b a b . 

: (5; 1; 7); (10; 2; 14); (20; 4; 28). 
3.    ,  , : (1; 2; 0), 

(3;0;3), (5; 2; 6). 
: 2 13 . 

4.  F = (2; 2; 9)    (4; 2; -3).    -
   M      (2; 4; 0). 

: M =28, cos =3/7,  cos =6/7, cos = - 2/7. 
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2.2.3.   .   

 
 

 5.        -
  a b       c ,   -

  - ,    
 ,    . 

    : a b c . 
 

   : 
 

1. ( ) ( ) ( ) ( )a b c a c b c b a c a b b c a  ; 

2.         ,   -
   ; 

3. ( )a b c a b c , . . « »  « »   ,   

 a b c ; 
4. ( ) ( ) ( )a b c a b c a b c ; 

4.    a , b        -
 : a =(x1; y1; z1),  b=(x2; y2; z2), =(x3; y3; z3),   -
   : 

 

1 1 1

2 2 2

3 3 3

y z

a b c x y z

x y z

. (2.2.13) 

 
     a , b   

  ,     |a b c |  
 ,     ( . 2.2.4),  

 -a b c V . 

 

: 
1

6
a b c V . (2.2.14) 

 
    

 .  ,  
  a , b   c   , -

c  

a  

b

. 2.2.4 
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  ,      , 
. . 

 
a b c  = 0.  (2.2.15) 

 
.       

        -
  «    » ( . 2.2.1). 

 
  
 

 1.   a = (1; 3; 1), b= (-2; 4; -1), c = (2; 4; -6). -
     (   )  ,  -

 3 2a b c . 
.      (2.2.13) 

 
1 3 1

2 4 1 78

2 4 6

a b c . 

 
      ,    -

  .  
   3 2a b c , ,  a b c =78  

 4  : 
 

3 2a b c = 6 a b c = 6 78 = 468. 
 

 2.   ,     
a =(1; 3; 1), b=(2; 1; 3), c =(3; 1; 2) ( . 2.2.4). 

.   (2.2.14)  
 

1 3 1 1 0 0

2 1 3 2 5 1 5 8 13

3 1 2 3 8 1

V . 

 
 3. ,   a =(1; -2; 3), b  = (4; -5; 6), c = (5;-7; 9) 

. 
.    
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a b c =

1 2 3 1 2 3

4 5 6 0 3 6 0

5 7 9 0 3 6

,  

 
. .      (2.2.15)  

, ,   . 
 4.   -

 ,   -
   M1(6; 1; 4), M2(1; -3; 7), 

M3(7; 1; 3), M4(2; -2; -5) ( . 2.2.5). 
.    -

 (2.2.14)  
 

- 1 2 1 4 1 3
1

6
V  

 
1 6 3 1 7 4

1
mod 2 6 2 1 5 4

6
7 6 1 1 3 4

5 4 3
1 23

mod 4 3 9 .
6 3

1 0 1

 

 
 5.     

 
a =(8; 2; 3), b=(4; 6; 10), c =(3;-2; 1)? 

 
.    

 
8 2 3 0 0 1

5 2
4 6 10 5 2 3 9 0

2 1
3 2 1 2 1 1

a b c , 

 
  , ,a b  �   ( )   . 

 
 

1M  

4M  

3M

2M

. 2.2.5 
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1.    (2; 0; 4), (0; 3; 7), (0; 0; 6), S(4; 3; 5). -
   V   H,    ACS 

: V=2, H=2/ 3 . 
2.    (1, 2, -1), (4, 1, 5), (-1, 2, 1), D(2, 1, 3)   -

? 
: . 

3.    : =(2; 3; 1), b=(1; -1; 3), c =(-1,9,11). 
: . 
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 3.   

 
3.1.     «   -

,  .   . -
      . 

  » 
 

3.1.1.      . 
   

        . 
     ,     
 ,  .    

  . 
 1.        

  
Ax + By + Cz + D = 0     (3.1.1) 

, ,       -
  . 

 (3.1.1)     
 (3.1.1)     : 

A(x�x0) + B(y�y0) + C(z�z0) = 0 .   (3.1.2) 
 (3.1.2)  -

  P,    
M0(x0; y0; z0)   n =(A; 
B; C),    -

  ( . 3.1.1). 
 1.   -

  ,    -
   ,    

  .  -
   : 

1. D = 0  O P; 
2. A = 0  P || Ox; B = 0  P || Oy; C = 0  P || Oz; 
3. A = B = 0  P  Oz; A = C = 0  P  Oy; B = C = 0  P  Ox; 
4. D = A = 0  Ox  P; D = B = 0  Oy  P; D = C = 0  Oz  P; 
5. D = A = B  P  xOy; D = A = C  P  xOz; D = B = C  P  yOz. 

.          
     3R .     

  ,    . -
,         , 
       . . 

 
   : 

n  

 

 
0M

M  

. 3.1.1 
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1.  ,      A(x1;y1;z1), 
B(x2; y2; z2), C(x3;y3;z3) ( . 3.1.2): 
 

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

x x y y z z

x x y y z z

x x y y z z

.    (3.1.3) 

 

 
2.         -

   : 
 

1
z

b c
,     (3.1.4) 

 
 a, b, c � ,     Ox, Oy, Oz ( .3.1.3) 

 
    , -

          -

A   
 

A 

M B 

C 

. 3.1.2 

c 

a 

b 

0 

z 

x 

y 

. 3.1.3 
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  .     
     . 3.1.1     -

    : P1: A1x + B1y + C1z + D1 = 0; P2; 
 A2x + B2y + C2z + D2 = 0. 
 

 3.1.1 
     

  
 

 

  
 

  

1. 

 P1 
 

 P2 
(P1 P2) 

  
 

  1n  2n ,     

   

1 2 1 2 1 2 1 2 0n n  

2. 

 P1 

  
 P2 

(P1||P2) 

 

  1n || 2n ,    

 
 

1 1 1 1

2 2 2 2

D

D
 

 

3. 

 P1  P2 
  

 
  

 
  

     
     

1n  2n  

 

1 2

1 2

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

s
n n

n n
 

 
.      M0(x0; y0; z0)  

 P: Ax + By + Cz + D = 0    
 

1n

 

2n  

 
2 

 1 

1n  

1n  

2

1

1n  
1n  

2  

 
1 
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0 0 0

2 2 2

z D
d  ( . 3.1.4). 

 

 
  

 
 1.   ,    

M0(2; -3; 4)     n =(5; 6; -7). 
.      0 0 02, 3, 4, 5,x y z A  

6, 7B C ,   (3.1.2) A(x�x0) + B(y�y0) + C(z�z0) = 0  
 

5( 2) 6( 3) 7( 4) 0x y z ,  5 6 7 36 0x y z . 
 2.   ,    

M1(1;-3;2)   a = (5; -4; 8), b= (6; -1; 7). 
.   a   b  ,    -

  .        

1M M ,   ( ; ; z)   ,   . 

   : 1M M =(  � 1;  + 3; z � 2) ( .3.1.5). 
 

d

M0 

 

. 3.1.4 

A   
 

1

b  

M 

a  

. 3.1.5 
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 a , b , 1M M       -

,       (   -
      ,  
  ):  
 

a b 1M M = 

1 3 2

5 4 8 0

6 1 7

x y z

. 

 
     ,  

 
4 8 5 8 5 4

1 3 2 0
1 7 6 7 6 1

x y z  

20 1 13 3 19 2 0x y z , 20 13 19 21 0x y z . 

 
 3.   ,     

 3 4 5 60 0x y z    . 
.      60   , -

 1
20 15 12

x y z
,  1

20 15 12

x y z
. 

    
 (3.1.4), ,  a = 

20, b = -15, c = 12.   -
,   -

   Ox , Oy , Oz  ( .3.1.6). 
 4.   

,     
M1(9; -11; 5), M2(7; 4; -2), M3(-7; 13; -3). 

.    -
 (3.1.3)  
 

9 11 5

7 9 4 11 2 5 0

7 9 13 11 3 5

x y z

,  

 
9 11 5 9 11 5

2 15 7 8 2 15 7 0

16 24 8 2 3 1

x y z x y z

,  

z  

y

x  

0 

12 

-15 

20 

. 3.1.6 
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9 11 5

2 15 7 0

2 3 1

x y z

,  

 
15 7 2 7 2 15

9 11 5 0
3 1 2 1 2 3

x y z , 

 
6 9 12 11 24 5 0x y z , 9 2 11 4( 5) 0x y z ,  

 
2 4 7 0x y z . 

 
 5.   ,    

M0(2;3;-5)    2 4 1 0x y z . 
.       2 4 0x y z D ,  D 

�        (  -
      

   ). 
      M0,     

  : 
2 2 3 4 5 0D 2 6 20 0D D=24. 

, 2 4 24 0x y z  -  . 
 6.      11 8 7 6 0x y ; 

4 10 5 0x y z . 
.       . 3.1.1 

 

1 2 1 2 1 2 1 2
2 2 2 2 2 2

1 2 1 1 1 2 2 2

s
n n

n n
, 

 
        
 A1=11, B1=-8, C1=-7, A2 = 4, B2 = -10, C2 = 1: 

 

cos  =
2 2 2 2 2 2

11 4 ( 8) ( 10) ( 7) 1 44 80 7 2

2234 11711 ( 8) ( 7) 4 ( 10) 1
,  =

4
. 

 
 7.     M0(4; 3; 6)   

2 2 8 0x y z . 



 

 

88

88

.    0 0 0

2 2 2

z D
d   

0 0 04, 3, 6, 2, 1, 2 8x y z A B C D ,  
 

2 2 2

2 4 3 2 6 8 15
5

32 ( 1) ( 2)
d . 

 
 8.      

2 2 1 0x y z , 2 2 5 0x y z . 
.        -

  .      . , 
,  0 01, 1y z ,   2 2 1 0x y z   0 1x .  

 0 0 0

2 2 2

z D
d      M0(1; 1; 1)  

 2 2 5 0x y z : 
2 2 2

1 2 2 5 6
2

31 2 ( 2)
d . 

 
    

 
1.        ( . 3.1.7, , , ). 
2.     : 

) 2 + +7=0;  ) 4 +2z=0;  ) =5; ) 7 +3 +2z=0; 
) z=0;  ) -8=0;  ) -7z+2=0. 

3.       (5;4;3), (2;3;-2), 
(3;4;2), D(-1;2;1)     . 

4.     2 - +2z-15=0  6 -3 +3z-2=0. 
5.     2 - +z-1=0  6 -3 +3z-2=0. 
6. ,     , -

,      : 
) 2 -3 +5z-10=0;  ) -3 -2 +9=0;  ) 4 +7 -6z+3=0; 

) 4 -6 +10z-20+0;  ) -4 +6 -10z+3=0. 
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7.      Oxz   -

   0 (7; -3; 5). 
: 3 0y  

8.       z   (-3;1;-2). 
:  + 3  = 0. 

9.   ,    (3; 4; -5) -
 a = (3; 1; -1)  b  = (1; -2; 1). 

: +4 +7z+16 = 0. 
 

3.1.2.   .     
 

 
       -

     L. ,   ,   -
,    ,     

. 
 2.         

     
 

Ax + By + C = 0,      (3.1.5) 
 

n =(1; 2; 3) 

0 9 

9 

6 y 

z 

. 1(1; 2; 3) 

. 3(2; 0; 5) 

. 2(3; 4; 1) 

0(2; 1; 3)  
P

x 

. 3.1.7 

) ) 

)
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 2 2 0A B (A, B �   ). 
   . 

 3.     (3.1.5)   -
      ,  

2 2 0A B (A, B �   ). 
       -

  .   (3.1.5),     
 

A(x-x0) + B(y�y0) = 0,     (3.1.6) 
 

   . 
       , 

   ,    M0(x0; y0) -
  n =(A;B),     : 

M0(x0,y0)  L  n =(A; B) ( . 3.1.8). 
 2.   

  ,    
 A, B  C   . 

       ,  
  . -

     -
: 

1) C = 0  O  L; 2) A = 0  L || Ox; 
3) B = 0  L || Oy; 4) A = C = 0  L  Ox;  
5) B = C = 0  L  Oy. 

       
  .   �      

 .         
     .   ,   -

     -  -
.          

   ,     -
.        . 

         
 

 
y = kx+b      (3.1.7). 

 
   k �       

 Ox, . . k = tg , b �  ,     Oy. 
   (3.1.7) �   , 

   M0(x0; y0)  ,   -
 k: 

M 

M0 

L 

n  

0 

y 

x 

. 3.1.8 
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y � y0 = k (x � x0).     (3.1.8) 

 
   �   ,  

  M0(x0; y0)    s =(l; m) ( . 3.1.9): 
 

0 0x x y y

l m
.   (3.1.9) 

 
   

    ,  
  ,   

 M0(x0; y0)   s =(l; 
m) �   , -

    
: 

.   -
    l  m  

  .    
a c

b d
  -

   ad=bc.        
     . , , 

l=0, ,  m 0,   l(y � y0) = m(x � x0) ,  x � x0 

= 0. 
 ,      M1(x1; y1)  

M2(x2; y2)         
  : 

1 1

2 1 2 1

x x y y

x x y y
 ( . 3.1.7).  (3.1.10) 

 
  .   

    ,    t -
      (3.1.9)     
 

 

0

0

,

.

x x lt

y y mt
.    (3.1.11) 

 
  «  »   : 

 

1
x y

a b
.     (3.1.12) 

y 

y 

M 

M0 

L 

s  

0 x 

. 3.1.9 
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   a  b   ,    -

 ,      : Ox  Oy -
 (     ).  

   �     
 

xcos  + ycos  � p = 0, 
 

  
2 2

cos
A

A B
, 

2 2
cos

B

A B
�    

0 ( ; )n n A BP , 2 2| |p C A B ,    (  -
)  . 

 .        , 

     
2 2

1

A B
,   

.  «+»  «�»   ,   
   

         
.       0(x0; y0)  -

 L   : 
 

d = 0 0 0( , ) cos cosM L x y p = 0 0

2 2
.  (3.1.13) 

 
 

     
 

       -
     ,   -

  ,       -
     . 

1)     ,    -
    . 

    : 
 

L1: A1x + B1y + C1 = 0  L2: A2x + B2y + C2 = 0, 
 

  : 
 

L1: 1 1

1 1

x x y y

l m
  L2: 2 2

2 2

x x y y

l m
. 
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       1n =(A1;B1) 

 2n  =(A2;B2),   1s  =(l1; m1)  2s =(l2; m2). 
     : )  , )  

, )  . 
   L1  L2   -

  n 1  n 2,   s 1  s 2,   -
  : 

 

1 1
1 2

2 2
1 2

1 1
1 2

2 2

|| ,

||

|| .

n n
B

L L
l m

s s
l m

.    (3.1.14) 

 

  ,  1 1 1

2 2 2

A B C

A B C
. 

 
  ,   , . .  

 

1 1

2 2

A B

A B
  1 1

2 2

l m

l m
. 

 
   ,       -

   .     
 ,    180o,       -
  .        -

   .    
 

1 2 1 2 1 2

2 2 2 2
1 2 1 1 2 2

1 2 1 2 1 2

2 2 2 2
1 2 1 1 2 2

,

cos

.

n n A A B B

n n A B A B

s s l l m m

s s l m l m

   (3.1.15) 

 
     �    

 .     -
    .   
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L1  L2  1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

0 0,

0 0.

n n n n A A B B

s s s s l l m m
 (3.1.16) 

 
2)      ,  -

    L1: y = k1x+b1, L2: y = k2x+b2. 
       ,  

 

2 1

1 2

tg
1

k k

k k
.     (3.1.17) 

 
  ,       -

, . .       
 

L1 || L2  k1 = k2.    (3.1.18) 

 
     : 

 

L1  L2  k1 = 
2

1

k
.   (3.1.19) 

 
      ,  -

 .    ,   ,  
  ,  ,    -

  . ,  ,      -
 .    .  ,  -

    ,     -
      ,  
  � ,  �  . 

 
  

 
 1.     -

,       (2; 3),  (4; 7),  (6; 9). 
.    ,    -

 ,    .   (3.1.10),  
 

: 
3 2

7 3 4 2

3 2

4 2
; 
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: 
7 4

9 7 6 4

7 4

2 2
 ; 

 

: 
3 2

9 3 6 2

3 2

6 4
. 

 
  t  ,   

  : 2 2x t , 4 3t  ( ); 4 2x t , 7 2y t  ( ), 
2 4x t , 3 6y t  ( ). 

 2.   ,     
,   7 3 21 0x y    . 

.   7 3 21 0x y    21,  
 

1 0
3 7

x y
  1

3 ( 7)

x y
. 

 
      «  »  

 (3.1.12), ,  a = 3, b = 7.    l  
  ( . 3.1.10). 

 3.    , 
  5 3 15 0x y , 

4 7 0x y . 
.   (3.1.15). 

     1=5, 1=3, 2=1, 2=4, 
 

 

cos  =
5 1 3 4 17 1

25 9 1 16 34 17 2
,  

 
=45 . 

 
 4.   ,     

(4; -5)    3 4 12 0x y . 
.     (3.1.5) 3 4 0x y ,   

  ,       .  
  ,        

 (     ,     -
   ).   4x , 5y   
    ,  

3 4 4 ( 5) 0 20 12 8. ,   
   :3 4 8 0x y . 

y  

x0 

-7 

3 

. 3.1.10 
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 5.   ,     
(-3;2)    4 5 7 0x y . 

.     5 4 0x y C . , 
        -
    1 2 1 2 0 : 4 5 5 ( 4) 0 .  (-3; 2) 

   5 4 0x y C ,     -
  : 5 ( 3) 4 2 0 .  ,   = 23. 
,     5 4 23 0x y . 

 6.      (3; 4), (-2; 1), 
(-3; -5).   ,    ,  
     . 

.     ,  
    .    ,   , . .  1 3x , 

1 4y , 2 3x , 2 5y ,    1 1

2 1 2 1

x x y y

x x y y
   

 
4 3

5 4 3 3

4 3

9 6
6( 4) 9( 3)

6 24 9 27 6 9 3
3 1

2 2 1
3

2
k . 

 
,    ,       

,   ,      .  
     2k .   (3.1.19) 

  ,   2
1

1
k

k
, , 

2
2

3
k . 

  ,    (-2; 1)  -
    2k .   0 2x , 0 1y , 

2

3
k    (3.1.8),  

( 2)
1 ( ( 2))

3
y x , 

3( 1) 2( 2) 0y x , 2 3 1 0x y . 
 7.     0(-7; 4)  ,  

 4 3 15 0x y . 

.   d == 0 0

2 2
.     

 0 7x , 0 4y ,  = 4,  = -3,  = -15,  
2 2

4 ( 7) 3 4 15
11

4 ( 3)
d . 
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 8.     P(2;-1), Q(6;-4), R(10;3). -
  ,    R. 

.        R  -
 PQ.    .    

1 1

2 1 2 1

x x y y

x x y y
  

1 2

4 1 6 2

y x
,  3 4 2 0x y .   

R(10;3)       
 

d == 0 0

2 2 2 2

3 10 4 3 2
8

3 4
. 

 
,    8. 

 9.    ,  -
 3 4 7 0x y , 8 6 1 0x y . 

.     d == 0 0

2 2
  

 

2 2 2 2

3 4 7 8 6 1

3 ( 4) 8 6

x y x y
. 

  
  ,   

 
3 4 7 8 6 1

5 10

x y x y
, 2(3 4 7) (8 6 1)x y x y . 

 
    2 14 13 0x y , 

14 2 15 0x y . 
 10.      

2 2 0x y   4 0x y       2 0x . -
   . 

.    2 2 0x y , 4 0x y , -
  (10; -6) �    .    

       , . . -
      2 2 0x y , 2 0x ; 

4 0x y , 2 0x .    B(2; 2)  D(2; -2).   
BD    S(2; 0).  

        -
,    ( ; )C x y        AC 

   A   S: 
10

2
2

x
, 

( 6)
0

2

y
.  -
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 6x , 6y , . .  C(-6;6) �    
ABCD. 

 
    

 
1.            
( .3.1.11). 

 
2. ,         

: 
 

) + 2 =1;  ) =2 +3 ;  ) · =10;  ) 7 -3 +8=0. 
 
3.      ABCD,   

(-1; -3), (3; 5), (5; 2), D(3; -5). 

: (3; 
1

3
). 

4.     (-2; 4), (3; 1), (10; 7). :  
)   ; 
)  ; 
)   ; 
)   ; 
)      . 

120o  
2  

0  

l  

x

y  

(3; 4)s  

0 1;2M  
l

0  x

y  

5;3B  

3
1;

2
A  

l

l

l  
( 1;2)n  

0  x0  x

y  y

2  

3  0  
x  

y  

)  )  )  

)  )  

. 3.1.11 
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5.    : 
 

) 
2

+
2

=1, 6 +4 -3=0;   ) 2 +2x-1=0, 
1

=
2

2
; 

 

) =
1

3
-1; 3 + +10=0. 

 
6.   ,    (1, -2)  

 O . 
 

3.1.3.   .     
.      

   
 

         -
-       : 

 

1 1 1 1

2 2 2 2

0,

0,

A x B y C z D

A x B y C z D
    (3.1.20) 

 
      . 

        -
  : 

 

0 0 0x x y y z z

l m n
.    (3.1.21) 

 
      ,    

,    M(x0; y0; z0)   s =(l;m;n) 
�   .  l, m  n   

.  ,        -
,       . 

      -
   .      

 ,    t    -
 (3.1.21)      
 

0

0

0

,

,

.

x x l t

y y m t

z z n t

    (3.1.22) 
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 ,     M(x1;y1;,z1)  

M(x2;y2;,z2)         
 : 

 

1 1 1

2 1 2 1 2 1

.
x x y y z z

x x y y z z
   (3.1.23) 

 
     

 
      ,  

  (  ,   ,  -
  ).      ,   

      : 
 

os  = 1 2

1 2

s s

s s
.     (3.1.24) 

 
    ,   -

  ,   , -
         -

 .  
    ,    ,  

. ,   . 
     : 

 

L1: 1 1 1

1 1 1

x x y y z z

l m n
  L2: 2 2 2

2 2 2

x x y y z z

l m n
 ( . 3.1.12). 

 

 
   1s  || L1, 2s || L2, 1 2M M ,  1  L1, 2  

L2. ,   ,      . -
,     .  , 

2L

1L

2M

1M

2s  

1s  

. 3.1.12
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     .  ,  -
   L1  L2 ( 1 2s sP )    

 

1 1 1

1 2 1 2 2 2 2

2 1 2 1 2 1

0.

l m n

s s l m n

x x y y z z

 

 
    ,   . 

    ,   
   

 

1 2M M  P | 1s ,  1s || 2s 1 1 1

2 2 2

l m n

l m n
. 

 
     

 

   0 0 0x x y y z z

l m n
 

     Ax + 
By + Cz + D = 0   ,   

    s  = (l; m; n), 
  0(x0; y0; z0),   -

,     n =(A; B; ). 
        

       -
   ( .3.1.13). 

      ,  -
: 

 

sin
s n

s n
=

2 2 2 2 2 2

A l B m C n

A B C l m n
.  (3.1.25) 

 
   ,     

    ,    
0 0n s n s A l B m C n  �    -

  . 
   ,    -

    ,   
A B C

n s
l m n

P  

�      . 

 

P  

s  
n  

. 3.1.13 
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   ,     
: 1)  0  ,   Ax0 + By0 + Cz0 + D = 0; 

2)     . 
       -
   : 

 

1 2s M M
d

s
 ( . 3.1.14). 

 
     

   -
 : 
 

1 2 1 2

1 2

s s M M
d

s s
. 

 
  
 

 1.      -
,    M0(7; -9; 8)   s =(4; 3; -2). 

.      0 0 07, 9, 8,x y z , 

1 2 34, 3, 2a a a    (3.1.22)   
 

7 4x t , 9 3y t , 8 2z t , 
 
   (3.1.21)  : 

 
7 9 8

4 3 2

x y z
. 

 
 2.   ,    

M1(6;-5;4), M2(8;-7;9).      . 
.  1 1 1 2 2 26, 5, 4, 8, 7, 9x y z x y z ,  -

 (3.1.23)   
 

6 5 4

8 6 7 5 9 4

x y z
  

6 5 4

2 2 5

x y z
. 

 
    t,   

  : 

1L  

2L  

2M  

1M

2s  

1s  

. 3.1.14 
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6 2x t , 5 2y t , 4 5z t  

 
 3.   2 4 7 0x y z , 2 5 0x y z  -

   . 
.        

 ,  ,   
, .    . -

   .    , , 0 2z ,  
2 1x y , 2 7x y . ,    , ,  

0 05, 3x y .     M0(5;-3;2).   
 ,       , 

    .   1 2(1;2;4), (2;1; 1)n n , 
  

 

1 2 1 2

2 4 1 4 1 2
, , , ( 6;9; 3)

1 1 2 1 2 1
s n n n n . 

 
  (3.1.22)     

5 6 , 3 9 , 2 3x t y t z t . 

 4.     
2 4 0,

3 5 8 0.

x y z

x y z
 

   . 
.   

 

1 2 1 1 2 (3,11,4)

3 1 5

i j k

s n n  

 
    z=0    ,  

x=1, y=5.  (1; 5; 0)    .   -

 
1 5

3 11 4

x y z
. 

 5.    ,  :  
 

3 4 5 14 0;

6 5 19 0.

x y z

x y z
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104

.       , -
, 0,y           -

 ,     0;y  
 

3 5 14 0;

6 19 0.

x z

x z
 

 
   3x   1z .    3;0;1 . 

 6.    L    
7;6;5A   5; 2;1B .    1;2;3K   3;0; 1M    -

. 
.   (3.1.23)  1 7x , 1 6y , 1 5z   

2 5x , 1 2y , 2 1z ,    : 
 

7 6 5
,

5 7 2 6 1 5

x y z
  

7 6 5
.

12 8 4

x y z
 

 
      K  M: 

 
1 7 2 6 3 5 1

,
12 8 4 2

 
3 7 0 6 1 5

.
12 8 4

 

 
 ,   ,   K   -

 AB,   M     AB. 
 7.    ,  -

  9;0;7M     : 

 
4 2 5

2 1 3

x y z
  

2 3 1

4 6 5

x y z
. 

 
.    s

r
   l .   

      1 ( 2; 1;3)s   

2 (4;6; 5)s   1l   2l ,        

 1s   2s : 
 

1 2s 2 1 3 13 2 8

4 6 5

i j k

s s i j k  ( . 3.1.15). 
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   ( 13;2; 8)s   

 8;0;7M ,    

 ,   (3.1.21), -
    
: 

 
9 7

13 2 8

x y z
. 

 
 8.   -

,    1,3,2A      

4 5 , 7 , 8 11x t y t z t . 
.       ,   -

        
(5;7; 11)s   .    , -

   A    s ,   (3.1.21),  -
     : 

 
1 3 2

5 7 11

x y z
. 

 
 9.       

3 2 , 2 8 ,

4 7 , 6 11 ,

5 8 , 8 7 .

x t x t

y t y t

z t z t

 

 
.      1s =(2;7;8), -

 � 2s =(8;-11;-7).    ,     -
    (3.1.24): 

 

os  = 1 2

1 2

s s

s s
=

2 2 2 2 2 2

2 8 7 ( 11) 8 ( 7) 117 1

117 234 22 7 8 8 ( 11) ( 7)
. 

 
, =135 . 

 10. ,   7 5 , 5 7 , 2 3x t y t z t   
, , 3 2x t y t z t  . 

s  

2s  

1s  

l  

2l

. 3.1.15 

M 

1l
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.   
1 2M M =(0-7; 0-(-5); -3-(-2))=(-7;5;-1), 

1s =(5;-7;-3), 2s =(1;1;2)     
 

1 2 1 2

5 7 3 5 12 13

1 1 2 1 0 0 0

7 5 1 7 12 13

s s M M . 

 
      ,  -

 ;       .   
  1s   2s     (   

 ),   . 

 11.     
1 2 1

2 1 1

x y z
  

 3 2 3 0x y z . 
.      : 

1 2 ,x t 2 , 1y t z t .   , ,x y z    -
,  3( 1 2 ) 2(2 ) (1 ) 0t t t ,  3t .   

 t    ,    
: 5, 5, 2.x y z  

 12.   ,    
1;2;4M    3 5 4 0x y z . 

.      s
r

   
    (3; 5;1)n . , -

  (3.1.21) ,    
1;2;4M     

 

:l  
1 2 4

3 5 1

x y z
 ( . 3.1.16). 

 
 13.     

3 , 5 , 4 2x t y t z t    
2 4 2 9 0x y z . 

.   (3.1.25)  -
 1, 1, 2, 2, 4, 2l m n A B C ,  

 

 

M 

l 

s n
r r

 

 3.1.16 
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2 2 2 2 2 2

2( 1) 4( 1) 2 2
sin

2 ( 4) 2 ( 1) ( 1) 2

6 1
30 .

224 6
o

 

 
 14.    M(1;-2;4)   

5 3 6 35 0x y z . 
.       

 ,    M.  ,  
,    (5; 3;6)n .  
 ,       

M,    
1 5 , 2 3 , 4 6x t y t z t . 

 
     , : 

 
5(1 5 ) 3( 2 3 ) 6(4 6 ) 35 0t t t , 70 70 0t , 1t . 

 
   t    :  

 
1 5 4, 2 3 1, 4 6 2x y z . 

 
,  N(-4; 1; -2) �  . 

 
    

 
1.    
 

2 3 6 0

2 3 4 16 0

x y z

x y z
 

 
   . 

 

: 
2 4

.
1 10 7

x y z
 

 
2.    ,    

:(2,0, 3) :M  
)   (2, 3,5);s  
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)   
2 3 11 0,

5 4 8 0.

x y z

x y z
 

 

: )
2 3

;
2 3 5

x y z
 )

2 3
.

11 17 13

x y z
 

 
3.           -

    :  
 

) 
1 3

2 4 3

x y z
  3 3 2 5 0;x y z  

 

) 
13 1 4

8 2 3

x y z
  2 4 1 0;x y z  

 

) 
7 4 5

5 1 4

x y z
  3 2 5 0.x y z  

 
: ) ; )    ; )   

 (2;3;1).M  
4*.    Q,   (2; 5;7)P   

,    1(5;4;6)M   2( 2; 17; 8).M   
: (4; 1; 3).Q  

5.      
2 3 0,

3 1 0.

x y

y z
   

2 3 1 0.x y z   

: 5sin , 45 36 .7  

6.   ,    
2 3 1

5 1 2

x y z
    4 3 7 0.x y z   

: 11 17 19 10 0.x y z  

7.     
2 1

3 4 2

x y z
  

7 1 3

3 4 2

x y z
.  

: 3d . 

8.    
3 4

1 2 3

x y z
  

4 3

3 2 5

x y z
?  

: . 
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3.2.     « , -

, , ,    
 ,    -

    .  
 » 

 
3.2.1.    

 
  

 1.      F(x,y) � -
 -  ,    ,   

 �  .   ,   
 ( , sinx, lnx  .). 

        1-  
 ( )   2-  ,    -

        : 
 

Ax2 + 2Bxy + Cy2 + Dx + Ey + F = 0.    (3.2.1) 
         

  : 
 

Ax2 + Cy2 + Dx + Ey + F = 0 (A  0, C  0 ).  (3.2.2) 
 

    xy (     (3.2.1) 
         , -

   tg  = 
2B

A C
).       

         -
 .       -

      . -
         

(3.2.2): 
 

Ax2+Cy2+Dx+Ey+F = 0;  Ax2+Dx)+(Cy2+Ey) = -F; 
 

A(x2+
D

x
A

)+C(y2+
E

y
C

) = -F; 

 

A [x2+ 2
2

D
x

A
+

2

2

D

A
- 

2

2

D

A
]+C [y2+ 2

2

E
y

C
+

2

2

E

C
- 

2

2

E

C
] = -F; 
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A(x+
2

D

A
)2 - 

2

4

D

A
+C(y+

2

E

C
)2 -

2

4

E

C
 = -F;  A(x+

2

D

A
)2 +C(y+

2

E

C
)2 =

2

4

D

A
+

2

4

E

C
-F. 

  P = 
2

4

D

A
+

2

4

E

C
-F ,  

22 ( )( )
22 1

ED
yx

CA
P P
A C

. 

   , , , -
,    ,     -

  .    , ,  ,  
   ,        

 : 
2 2

2 2
1

x y

a b
, 

2 2

2 2
1

x y

a b
, 2 2y px   2 2x ay . 

   , ,  ( -
),   .  

 ,  ,     -
   �      , -

    .   
             -
  .  

      ,  
  ,   . 

 2.     , 
      ,  . 

 3.     ,  
        , -
 ,   , ,   -

 .  
 4.  �   ,  -

       ,  
,   , ,    -

. 
 5.     , 

         
        
,   .  

  :    -
  ( ; )M x y ,          

1 2,F F      2a ( . 3.2.1).  
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  :    

  ( ; )M x y ,    ,   
   1 2,F F       2a ( . 

3.2.2). 
 

 
-   :   -

  ,       
( .3.2.3). 

 

( , )M x y

b

b

a  a x  

y

 
  
F1 2F0 

. 3.2.1 

b

b

a a

2F1F
0 

( ; )M x y  

x 

y 

. 3.2.2
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    ,   

       . 
3.2.1. 

 
  
 

 1.       
 

2 2

1
64 9

x y
. 

 
.    a = 8, b = 3   

 
2 2 64 9 55 7,42.c a b  

 

,    1 55;0F   2 55;0F , 

 
7,42

0,93
8

c

a
. 

 2.    ,  -

  M(3; 2), 
3

3 ; 2
2

N . 

.      
2 2

2 2
1

x y

a b
.  

  M  N   ,     -
 : 

 

( ; )M x y

2

p  

2

p  

D

0

F x  

y

. 3.2.3.
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2 2

2 2

3 2
1

a b
, 

2

2

2 2

3
3

2 ( 2)
1

a b 2 2

9 4
1

a b
, 

2 2

27 2
1

2a b
. 

 
   , ,  a2=18, b2=8. 

 ,     
2 2

1
18 8

x y
. 

 3.     2 29 4 36x y ? 

.      36,  
2 2

1
4 9

x y
. 

         
2 2

2 2
1

x y

a b
, ,       -

 a = 2    b = 3. 
 4.     2 24 9 36x y . 
.       

2 2

2 2 1
x y

a b
, ,  a2=9, b2=4, . . a=3, b=2.    -

   
b

y x
a

 : 
2

3
y x , 

2

3
y x .  
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x0 

y0 

x

y 

0 

O0  

 

F1    F2

 3.2.1  
   

-
 -

 
  

 
  

 
  

y

 2 2 2x y R  
0,0O  � ; 

R  �  

 
 

2 2 2
0 0( ) ( )x x y y R  0 0 0,O x y  � ; 

R  �  

 

 

2 2

2 2
1

x y

a b
, 

2a  �  ; 2b  �  ; 
2c  �  :; 

2 2 2c a b , 2 2a b ; 

1 2,F F  � ; 

1
c

a
 �  

 

2 2
0 0

2 2
1

x x y y

a b
 

0 0 0,O x y  �  ; 

2a  �  ; 
2b  �  ; 

2c  �  : 
2 2 2c a b , 2 2a b ; 

1 2,F F  � ; 

1
c

a
 �  

 

 
2 2

2 2
1

x y

a b
 

0 0 0,O x y  �  ; 

2a  �  ; 
2b  �  ; 

2c  �  : 
2 2 2c b a , 2 2b a ; 

1 2,F F  � ; 

1
c

b
 �  

 

 
-

 -
 

        

y

R  

x

0

0x  

 x 

0y  0O  

y 

R 

0 

a

 

b  

b  

a

x

F1 F2 

  0 

b

b  

aa  
x 

y 

F2 

0 
 
 F1 
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2 2

2 2
1

x y

a b
 

O(0; 0) � ; 2a  �  
; 2b  �  ; 

2c  �  ; 
2 2 2c a b ; F1, F2 � ; 

1
c

a
 � ; 

b
y x

a
 �  

 

2 2

2 2
1

y x

a b
 

O(0; 0) � ; 2a  ; 
2b  �  ; 

2c  �  :; 
2 2 2c a b ; F1, F2 � ; 

1
c

b
 � ; 

b
y x

a
 �  

 

2 2
0 0

2 2
1

x x y y

a b
 

0 0 0,O x y  � ; 2a  ; 

2b  �  ; 
2c   ; 
2 2 2c a b F1, F2 � ; 

1
c

a
 � ; 

0 0( )
b

y y x x
a

 �  

 2 2x ay  

0,0O  � ; 

 Oy  �  ; 

0a  -  ; 0a  -  

; F(0; 
2

a
) � ; 

D � : 
2

a
y  

 

2 2y px  

0,0O  �  ; 

 Ox  �  ; 
0p  -  ; 0p  -  

; F (
2

p
; 0)� ; 

D � : 
2

p
x  

 2
0 02x x a y y  

(    
: 

2
0 02y y p x x ) 

0 0 0,O x y  � ;  F -

   -
;  D  -

   

 5.  ,     -
,   2 25 4 20x y .  

0 

F2 F1 
y0 

O0

x 

y 

x0 

a 
x 

c 
b 

-a 

-c 

-b 

O 

a-a 

-b 
0 

F2 F1 

x 

b

y 

y 

x
0 

0 x 

y 

y 

x y0 

x0 
0 

y 
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.      20,  
2 2

1
4 5

x y
. 

      
2 2

2 2 1
x y

a b
, , 

 a2=4, b2=5,   a=2, 5b .   2 2 2c a b   

,  , c = 4 5 =3, F1(-3; 0), F2(3; 0).     -

   
3

2

c

a
.  

 6.       -
 2 8y x . 

.   2 8y x    2 2y px , -

,  2p = 8,  p = 4, 2
2

p
.     

2

p
x  -

  2x   ,     
 F(2; 0). 

 7.       -
 2 4x y .  

.   2 4x y    2 2x ay , -

 2 4a ,  2a , 1
2

a
. ,  F(0; 

2

a
)   -

   F(0;1),  
2

a
y    1y . 

 8.      , -
  2 24 4 8 12 3 0x y x y . 

.      4,   
        ,  

 
2 2 3 9 9 3

( 2 1) 2 1 0
2 4 4 4

x x y y   2 23
( 1) ( ) 4

2
x y . 

 
       -

  2 2 2
0 0( ) ( )x x y y R , ,  0x = 1, 0

3

2
y , 

R=2. 
 9.  ,   

23 6 15y x x . 
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.   ,  21
(( 6 9) 6)

3
y x x , 

21
( 3) 2

3
y x , 21

2 ( 3)
3

y x , 2( 3) 3( 2)x y .   

       
O0(3;2).       Oy   

.    ( .3.2.4). 
 

 
 10.  ,   

 
2 29 16 36 32 124 0x y x y . 

 
.   ,   : 

 
2 29( 4 4) 16( 2 1) 36 16 124 0x x y y , 

 

2 29( 2) 16( 1) 144 0x y , 
2 2( 2) ( 1)

1
16 9

x y
. 

 
  ,     a=4, b=3. 

     0(2; 1)O .   -
 ( . 3.2.5). 

 

x  

y

0

2

3

0O

. 3.2.4
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 11.  ,   

 
2 29 16 36 64 44 0x y x y . 

 
.       ,  

 
2 29( 4 4) 16( 4 4) 36 64 44 0x x y y , 

 

2 29( 2) 16( 2) 144x y , 
2 2( 2) ( 2)

1
16 9

x y
. 

 
         

a=4, b=3 ( .2.14).     ,     
O0(-2;2) ( .3.2.6). 
 

 
 

 12.   ,     -
   (3; 2)  ,    ,     

(-1,0). 

x

y 

0 

0O

2 

-4 

6 -2 2 

-1 

. 3.2.5 

5

x 

y 

0O
0 

2

-1-6 -2 

2

. 3.2.6
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.  M(x; y) �    .   -

  2 2 2 2( 3) ( 2) , ( 1)AM x y BM x y ,   -

  
 

22 2 2( 3) 2 3 ( 1)x y x y  

 
 ,     

.      
    : 

 
2 23 1 45

( ) ( )
2 4 16

x y , 

 
     -

   0O (-3/2; -1/4)   R=
3 5

4
 

( . 3.2.7). 
 

    
 
1.       , -

 : 

) 2 + 2( 1) =9;   )
2

25
+

2

16
=1; 

 

)
2( 2)

9
-

2( 3)

4
=1;  ) 2( 1) =-2( -5); 

 
) 2 =3( -8). 

 
2.*      ,     -

 ,  : 
 

) 2 + 2 -4 +6 +4=0;  ) 2 -6 2 -12 +36 -48=0; 
 

) 2 2 +5 2 +7 -10 -3=0; ) 2 -8 +2 +18=0. 
 
3.      ( , )M x y ,    

       (8;4)A    .  

x 

y 

0 

1

4
 0O  

R 

-1,5 

. 3.2.7



 

 

120

120

: 
2

4 16 4y x  � . 

4.      ( , )M x y ,    
     1,25     (5,0)A ,   
 5 16 0x .  

 

: 
2 2

1
81 144

x y
. 

 
5. ,        ,   

      60    . ,  -
 ,  ,  18 ,   -

 ,      ,   
 �     Ox ,    

.  
 

: 
2

30 50 18 , 25x y p  . 

 
3.2.2.    

 
 6.    �    

 ,      -
   (      

 ): 
 

 Ax2+By2+Cz2+Dxy+ xz+Fyz+Gx+Hy+Kz+L=0,   (3.2.3) 
 
  A2+B2+C2+D2+ 2+F2  0.  (3.2.3)   -

   . 
 (3.2.2)      ( -

 ,     )   
     ,  . 

         -
  ( . 3.2.2). 
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 3.2.2 

 /  
 

  
  

2 3 4 

1. 
 

 

2 2

2 2
1

x y

a b
 

  

2.. 
 

 

2 2

2 2 1
x y

a b
 

 

3. 
 

 
2 2y px  

 

4.  
2 2 2

2 2 2 1
x y z

a b c
 

 

5. 
 

 

2 2 2

2 2 2 1
x y z

a b c
 

 

b

a

y 

z 

x

0 

a 
b y 

x

z 

0 

z 

y 

x

0 

a 
b

c 

x

z 

y 
0 

a 

b

z 

x

y 
0 
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        ,  

 .     ,    

6. 
 

 

2 2 2

2 2 2 1
x y z

a b c
 

7. 
 

 

2 2

2 2
2

x y
z

a b
 

 

8. 
 

 

2 2

2 2 2
x y

z
a b

 

 

9. 
 

 

2 2 2

2 2 2 0
x y z

a b c
 

 

0 

x 

y 

z 

z

c 

-c 

x

y0 

y 

z 

0 

x 
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   2-     2-  . -
,        , -

   .  ,    -
  .  
 ,      -

.  ,   ,   -
,    z = h  y = h  x = h,    -
.          

,   ,    .  -
     .   , 
     . 

       -
      ,      -
 0 0 0 0( ; ; )O x y z .  

 7.   ,  
    

 
2 2 2

2 2 2
1

x y z

a b c
  

2 2 2
0 0 0

2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
, (3.2.4) 

 
 , b,  �  ,     -
.  

 8.  a, b, c �     ,  -
  .  

 9.     , . . a=b=c,  -
  .      -

    (x�x0)
2 + (y�y0)

2 + (z�z0)
2 = R2,  R �  , 

0 (x0,y0,z0) �  ,         -
: x2 + y2 + z2 = R2. 

 10.    -
,      
 

2 2 2

2 2 2
1

x y z

a b c
  

2 2 2
0 0 0

2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
 (3.2.5) 

 
      . 

 11.    -
,      

 
2 2 2

2 2 2 1
x y z

a b c
  

2 2 2
0 0 0

2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
  (3.2.6) 
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      . 
 12.    -

,      
 

2 2

2 2
2

x y
z

a b

2 2
0 0

02 2

( ) ( )
2( )

x x y y
z z

a b
 

 
      .  

 13.    -
,      
 

2 2

2 2
2

x y
z

a b
  

2 2
0 0

02 2

( ) ( )
2( )

x x y y
z z

a b
 

 
      . 

 14.    , 
  ,     -

 ( )     ( ), 
  .      

       
 

2 2 2

2 2 2
0

x y z

a b c
  

2 2 2
0 0 0

2 2 2

( ) ( ) ( )
0

x x y y z z

a b c
. 

 
 15. ,   ,  

  ( ),      
( )    ( ).   �  
2-  ,     .   -

    ,    , -
   ,     

  . 
 16.    , -

   ( ),   -
        ( ). 

  �  2-  ,     -
. ,     Ox, Oy  Oz,   -

,   ,   
 x, y  z, .    -

     ,   
 .     -
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2 2

2 2 1
x y

a b
  

2 2
0 0

2 2

( ) ( )
1

x x y y

a b
; 

2 2

2 2 1
x y

a b
  

2 2
0 0

2 2

( ) ( )
1

x x y y

a b
; 

2 22 , 2y px x ay   2 2
0 0 0 0( ) 2 ( ), ( ) 2 ( )y y p x x x x a y y . 

 
  
 

 1.      -

 
2 2 2

1
16 4 9

x y z
.  . 

.      
z=h.   . 

 
2 2 2

1
16 4 9

x y h

z h

. 

 
,          

2 2
1 14 1 /9, 2 1 /9a h b h .  

  x=h  : 

2 2 2

1
16 9 4

y z h

x h

.   

 y=h � : 

2 2 2

1
16 9 4

x z h

y h

 (    -

). 
 h=0    (  ) 

  z=0  =0  y=0.    
.    :   z=0  -

  a=4, b=3,  c=3,   y=0   -
  =4,  c=3.    -
  .   -

    ( . 3.2.8) 
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 2.       , 

  2 2 23 4 6 6 16 36 49 0x y z x y z    . 
.   ,      

: 
 

2 2 23( 2 1) 4( 4 4) 6( 6 9) 3 16 54 49 0x x y y z z , 
 

2 2 23( 1) 4( 2) 6( 3) 24x y z . 
 

     24. 

  
2 2 2( 1) ( 2) ( 3)

1
8 6 4

x y z
  -

 
2 2 2

0 0 0
2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
(   (3.2.4)),  -

 2 2, 6, 2a b c .      O0(1;-2;3) 
( . 3.2.9) 
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 3.      

 
2 2 22 3 6 8 6 12 1 0x y z x y z . 

 
.   : 

 
2 2 22( 4 4) 3( 2 1) 6( 2 1) 8 3 6 1 0x x y y z z , 

 
2 2 22( 2) 3( 1) 6( 1) 6x y z . 

 
     6. 

  
2 2 2( 2) ( 1) ( 1)

1
3 2 1

x y z
  -

  
2 2 2

0 0 0
2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
 (   

(3.2.5),   3, 2, 1a b c ,     O0(2;-1;1). 
 4.      

2 2 22 4 2 12 8 3 0x y z x y z ,  ,    
       . 

.        -
 ( .       ), -

: 

2 

2 2  
6  0O

y 

z 

x 

-2 

1 
0 

. 3.2.9 
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2 2 2( 2 1 1) 2( 6 9 9) 4( 2 1 1) 3 0,x x y y z z  

 
2 2 2( 1) 2( 3) 4( 1) 3 1 18 4 10,x y z  

 
2 2 2( 1) ( 3) ( 1)

1
10 5 5/ 2

x y z
. 

 
  �     

 
2 2 2

0 0 0
2 2 2

( ) ( ) ( )
1

x x y y z z

a b c
 

 
(   (3.2.6)),   10, 5, 5/ 2a b c ,  

  y ,      0(-1; -3; 1) 
 

    
 

1.        : 
 
) 2 2 22 4 2;x y z   ) 2 2 ;z y x  

 
) 2 2 22 9 36;x y z   ) 2 22 4 4;x z  

 
) 2 2 22 3 4 0;x y z   ) 2 6 0.y z  

 
) 2 22 2 ;y z x  

 
2.       , -

     : 
 

) 2 2 2 3 5 4 0;x y z x y z  ) 2 25 10 6 10 14 0;x y x y z  
 

) 2 2 236 16 9 18 9;x y z z   ) 2 23 8 18 34 0.x z x z  
 
) 2 2 2 2 ;x y z z  

 
3.  ,  : 
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) 2 , 0,.2 0, 9;x z z x y x y  
 

) 2 2 24 , 4 ;z y x y y  
 
) 2 2 2, 9, 0;z y x y z  

 

) 
1

, 0, 4 , 1
2

z y z y x y x . 
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